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Pair of Linear Equations in
two Variables

Linear equation with one variable: The algebraic equation of the typeax +bh =0
{a =0 and b are real numbers, x = variable is called linear equation of one variable.

These type of equations having only one solution.

Enmple:2x+5=ﬂ=}2x:_5=>x:%5

3.2 Pair of Linear Equationsin Two Variables

m+3Iy=5 ;

Z-2y-3=0and

X-0y=2=2x =72

An equation which can be put in the form ax + by + ¢ =0, where a, b and c are real mmmbers,
and a and b are not both zero. is called a linear equation in two variables x and v. A solution
of such an equation is a pair of values, one for x and the other for y, which makes the two
sides of the equation egual

In fact, this is true for any linear equation, that is, each solution (x. ¥) of a linear equation
m two varables, ax +~ by~= ¢ = 0. corresponds to a pomt on the line representing the
equation, and wvice versa.

Ix+3y=5:x-2y-3=0
[11.1"5' blx - Ci e 0 aﬂd ﬂ2x+ bz.r .—fz =0
Here, ay. by. ¢,. az. b,. ¢, are real numbers

Example 1: Akhila goes to a fair with Rs 20 and wants to have rides on the Giant Whee
and play Hoopla. Represent this situation algebraically and graphically (geometrically).

Solution: The pair of equations formed 1s :
¥ = ix:av ly=x

=x-2yv=10 (1) and Ix+4y =20 (2}
Let us represent these equations graphically. ¥
For this, we need at least two soltions for
each equation
b4 0 2 ria, 5)
=X b )
¥=3 < 1 .u.;dl:} A
-?"s
x 0 4 8 ey N,
_ 20-3x = =R == EREE o
e 3 2 -1

Example 2 : Romila went to a stationery shop and purchased 2 pencils and 3 erasers for

Rs 9. Her friend Sonali saw the new variety of pencils and erasers with Romila, and she

also bought 4 pencils and 6 erasers of the same kind for R s 18. Represent this situation

algebraically and graphically.

Solution : Let us denote the cost of 1 pencil by x° and one eraser bv . Then the algebraic
representation 15 given by the following equations:




1};—33?':9— _____ _{1} __=*Y

4x+6y =18 ——— (2)
(1}y=3y=0-2x

_ 9-2x

N
X 0 ]3] 6 |
3

_9-2x
1¥== | _ 1 _ -1 .
()= 6y=18-4x

_ lH=dx
&

x |[(0]3] 6

18-4
£ ﬁ" 3 05 e e IR EI RN

Example 3 : Two rails arerepresented by the equationsxz+2Iy—4=10
and 1x + 4v— 12 = 0 Represent this situation geomeirically.

Solution : Two solutions of each of the equations = =+ iy
x+2y= 4 and 2x+4y=12 I

d=x

X 0 4 frosidio
y= "%‘ 2 0 _ ‘w;nm. s
Machliceeas st
_ ; Rio.2) " 2 |
Rotidy =12ty =—2= *\“‘ﬁa %
e SR M e it
x e x| s pea g X |
_ 12=2% 3 0 gy e PR et s e Rt |
T4 a3 T I
!
Comparing Representing Algebraic Consistiney
the ratios on graph solution ¥
T = i B
o b1 Intersecting Umque
a; by each other solution s
M - E - e comcident Infinite Ay
az by ¢ lines. sulutions P
a; by o
; = E E_z Parallel lines No solutions Inconsistent




Example 4 : Check graphically whether the pair of equations

Ix+3y=6 (1) and Ay
2x—3y =12 (2) oLissa
is consistent. If so, solve them graphically. L« -
x+3y=6=3y=6- x:y_f"_" g "-4-1;_;_!:_ L L
X T %
x:ﬂ:;y:"";_“zg_ P
x:ﬁ:}y:ﬂzn—zﬂ "5"'..-,;’;}
3 3 'i:i‘ .__,'6{1 5 1)
= 5 z : ,x’"
y= ex 2 0 Ao
- ol B, 0 P T I I
2x=3y=12=3y=2x-12 =>y=¥
T zio)-12 --_31'2:_4 x ] 3
2(3)=12 -*_-Er ol Tx=12 | —4 T =7
x=3=y= T =3 = 2 y==3

Both lines are intersecting at the point (§,0). Therefore the solution of the equation1s x = 6
and y = 0 = The equations are consistant pair.

Example 6 : Champa went to a “Sale’ to purchase some pants and skirts. When her

friends asked her how many of each she had bought, she answered, “The number of

skirts is two less than twice the number of pants purchased. Alse, the number of skirts is

four less than four times the number of pants purchased”. Help her friends to find how

many panis and skirts Champa bought.

Let us denote the number of pants by x and the number of skirts by v

Then the equations are:

y=2x-2 (1)

y=4x—-4 (2)
y=2x-12

x=2=y=2(2)-2=4-2

2

x=1l=y=2(1)-2=2-2= #5 ‘6 X
x=0=y=2(01—2=0—-2==2 |

x 2 l 0
y=2x-2| 2 0 -2

y=4x—4

xi=0=y=4(01—-4=0—-4=-4
x=1l=y=4(1)—-4=4-4=0

. 0 1 The two lnes intersect at the pomt (1. 0).

50, x=1, v=0 1s the required solution of the

y=4x—4 -4 0 pair of linear equations, 1.e., the mumber of pants

she purchased 15 1 and she did not buy any skirt.

Example:10 Let us consider the Example 3 of Section 3.2. Will the rails cross each other?

¥+ 2y=-4=10 (1)
2x + 4y =12 =10 (2]
Equation (1) = x =4 =2y (3

Substifuting x in equation (2} we get,

24=2y)+4y=12=10

=4y +4y-12=10

8-12=10

=4 =10

which is a false statement. Therefore, the equations do not have a common solution. So, the
two rails will not cross each other




Exercise 3.3

1) Solve the following pair of linear equations by substitution methed.

D x+y=14 (1)
x—y=4 (2)
Equation (1) = x=14—y (3)

Substiuting x in equation (2) we get,
4—y—y=4=14-2y=4
—ly=4-14 = =2y==10 =2 y=""=5

-2
Substituting y =5 in equation (3)
x=14—-y=14=-5=2x=9

ax=9 y=5
(ii)y s=t=3 (1)

[ [.. . cr
Bra ()
Equation (1) =s5=3+t (3)
Substifuting s in equation (2) we get,
34t + L:ﬁ 2 Er+2|:-l-3t: E

3 2

= 64+5t=36= 5t=36—5=~t=?

Substituting ¢ = 6 i equation (3)
s=3+t=>s5=3+6=5=9

~E=9 t=6
(iii) 3x -y =3 (1)
9x—-3y=9 (2)

Equation (1) = y = 3x — 3 Subsututing y in equation (2) we get,

Oy =3(3x=3)=9 = 9x=9r+9=9
g=9

This statement is true for all values of v. However, we do not get a specific value of v as a
solution. LTherefore we cannot obtain a specific value of x. 1'lis situation has arisen because
both the given equations are the same Therefore, Equations (1) and (2) have infinitely many
solutions.

(ivi0.2x +0.3y=1.3

0.4x+ 0.5y =2.3

02x+03y =13 (1) % 10
04x+ 05y =23 (2) % 10

2x +3y =13 (3)

Equation (3) = 2x=13-3y=x = 13;3y (5)

Substituting x in equation (4) we get,
13=3y _
4(22) +5y =13

26—6y +5y =23
26=—23=y==3. Substituting v = 3 in equation (3)

o 13-i3f3} _ 13_-9 " S
F 4 2 2
~x=2, y=3
(v) VZx++3y =0 (1)
V3x =By =10 (2)
Equation (1) = vZx = =3y = x =22 (3

Substiuting x in equation (2) we get.
Ey o . -
v@(—ﬁ}—\fﬁ}'—ﬂ =5 -5 Vdx2y=0
3y . _i_ —
_E_gﬁy_[} = y{ = 2&)—0
y =0, Substituting. ¥ = 0 in equation (3)
u’if_u)_o

W2
~x=0 y=0




Exercise 34

L Selve the following pair oflinear equations by the elimination method and the substitution

method :
(i) x +y=5=232x-3y=4
Eliminating method:
X +y= 5 (1)
Ix—3v= 4 (2
Multiply Equation (1) by 2 to make the coefficients of x equal
Iy +2y=10 {3)
Substractme (2) from (1),
2y +2y=10 {3)
Jx—3v= 4 (2)
sv= @
oyt

b
Substifute y= Sin equation (1),
a3

fa =2 = = =) 19
i+ —= 3 :aj}:-—ﬁ=2}:13:-:=19::-x=?

B
19

&r=—and _1'=?
i ] 3

Substituting Method:
x+ y=13 (1)
2x— 3y= 4 (2)
(l=v=5-x
Substitute y=35-—xin (2)
=22 — 35-x)= 4 (3)

=Ix—15+3Ix=4 =25x=19 ==x=‘_:__’-”

Substitute x=""in (1)
S+ y= 52319+ S5y = 35235y = 25-19=y = E

(ii) 3x +4v=10 and 2x-2y=2

Eliminating Method:

Ix+4y=10 (1)
x-2y= 2 (2)
Multiply Equation (2) by 2 to make the coefficients of y equal
x-2y= 2 (2)x2
4x- 4y=4 2)
Addmg equation (1) and (2)
3x+4y=10 (1)
4x- 4v= 4 (3)
X = 14
= x=2

Substitutex =21 (1)
.‘.A‘=2‘J'= 1




Substituting Method:

Ix+dy=-6 (1)
T (2)
(= -y=9—-3x= y=3x-0 (3)

Subsntute y=3x—-21in (1)

3z +4(3x-9) =06 =23Ix+ 11lx- =0 =21lx=3W=2x=12
Substitute x = 2 m(3)

v=32)-9 =2y=06-9=y=-3

s x=2and y=-1

3.4.3 Cross - Multiplication Method
Equations are:

X+ bhy+to,=0
ax +by+c, =0

bycz=hary Cyap= Czay

X=— j=————— [a;b;=— azb; 0
35!:1‘321"1 3 31b1-=zbl [ e . ]
X - ¥ 1

bycz=bycy €yaz=cza; aby=apb,

X y 1

\L Gy ay |

b, Cy a,
Exercise 3.5
1. Which of the following pairs of linear equations has unique solution. no solution, or
infinitely many solutions. In case there is a unique solution, find it by using cross
multiplication method
(i) x-3y-3=10
In—0y-2=0

Here, a; = L. by = -3, y=-3and a; = 3. by = -92,¢c;=-2
Bpoods Byoo8n 068 B

ag B0 by —9 g =2 2
8 bs 6

da hz Ca
Therefore the given pair of linear equations are parallel and not intersecting each other.
Hence the pair has no solution.

(i) 2x+y=5 = 2x+y-5=0
3x+2y=8= 3x+2y-8=0
Here ay =2 by =lLg=-5and az; =3. by = 2.¢c;=-8
ﬂ:E: E:l: E=-_5=£ ﬂ—:l:E
as 3 b 2 ¢ -8 8 az by
Therefore the pair of linear equations has unique solution

hl




1 -5 | 2 | [ 1
. Hh.""-u.,‘_ S . ¥
S iy ; : ., T— i
2 -8 | 3 | | 2
x - y - 1
bycz=bycy  yaz=-czay  ayby-ab,
. X _ y - 1
T 1(=8)=2(=5) (=5)3=(=B)2  2(2)=3(1)
= E = Y = - :E =£ =l
=B+10 =15416 4=3 2 1 1
=X =22 x=2
2 : 1
y
= =AY =
1 1 y

Thereforex=2and y=1

fif) 3x -5y =20 = 3x—Sy—20=0
6x - 10y = 40=6x — 10y — 40 =0
Here, a, = 3. by = -5.¢;=-20and a, = 6, by = -10,¢c, =-40

31_3_1 t|| =3 1. g -EI:I_].

a; & 2 hy =10 2" g =40 2
a b C

e | KR |

a3 i bz [
Therefore the given pair of linear equations are coincident and the pair has infinite solutions.
(iv) x-3v-T=0
Ix-Iv-15=10

Here, a, = 1. by, =-3,¢;=-7and a, = 3, b, = -3, ¢; =-15

g 1 by =3 . gy =7 7
# % T by =3 Tigg =18 1%
b
:>a—1 #=—=
a; by
Therefore the pair has unique solution.
| X v | 1
| -3 | =% 1 =3
| -3 | 15 E -3
X _ ¥ _ 1
bycz=bacy  C@p=cz3; apby—aphy
- X e v =4 1
TT=3)=18)=(=3){=7)  (=T)3=(=15]1  1(=3)=3(=3)
X = ¥ s 4
a5 =21 =21415 =349
¥ 1 L f L ex=04=x=4
24 ] 6 24 &
- =
g ARy

There fore x =4 and y=-1




Cross multiplication Method:
Bx+5y=9=8x+5y-9=0 (1)
Ix+2y=4=3x+2y—-4=10 (2)

Here, a, =8, b, =5 ¢;,="anda, =3 b, =2 c,=+4

bycg=bar;  Cya;=czay B hg=azhy

e X 2o ¥ o 1
TS (=4)=(2)(=9) (-93-(-4)8 B{Z)=3(5)
=g ok = ¥ = 1
_"--ZEI'+IE- =27 432 16=15
=2 =1 o1 5x=2

=2 5 =2z
I—i=y=5

5

Therefore the solutionr x=-2=23; y=35

4 Circles

4.2 Tangent to a Circle

Tangent to a circle is a line that intersects the circle at only one point There is only one
tangent to a circle at a pomnt. The common point of the tangent and the circle is called the
point of contact.

The tangent at any point of a circle 1s perpendicular to the radius |
through the pomt of contact.

Theorem
4-' _-"'"'-- s -""-,,_\_'
.-'/ \\
/[ \
Given:A circle with centre O and tangent XY at a pomt P, ( Q ]
To Prove OP XY \ S
Consruction: Take any point Q. other than P on the tangent XY ‘IE"
) - v X
and join OQ el el

Proof Hence Q) is a point on the tangent XY, other than the point of mntart P S50Q Ees

outside the circle..
[ There is only one point of contact to a tangent]

Let OQ) intersect the circle at R

~ OP = OF_[+ Radius of the same circle ]

Now., OQ=0E+RQ

=00 > OR

=00Q>= QP [+OP = OR]

Therefore. OP 15 the shortest distance to the tangent from the center O
s OP LXY [~ Perpendicular distance is always the shortest distance]

Remarks :

1. By theorem above, we can also conclude that at any point on a circle there
can be one and only one tangent.

2. The line containing the radms through the pomt of contact 15 also sometimes called the
‘normal’ to the circle at the point.




3

Exercise 4.1

1 How many tangents can a circle have?
Answer: Infimite
2. Fillin the blanks:
i) A tangent to a circle intersects it in point (s).
Answer: One
(ii) A line intersecting a circle in two points is called a

Answer: Secant

iii) A circle can have parallel tangents at the most.

Answer: Two [Mote: we can draw only two(pair) parallel tangents each other. But we can
draw infinite parallel pair of tangents]

iv) The common point of a tangent to a circle and the circle is called

Answer: Point of cantact

A tangent P() at a point P of a circle of radius 5 cm meets a line through the centre O at
a point  so that OQ =12 cm. Length PQ) is:

a) 12 cm b) 13cm ) 8.5 cm d) 4119 cm

Answer:

The hine drawn from the point of contact to the center of the cirele 1s perpendicular to the
tangent.

=0P L PQ
In AOPQ. P e

0Q* = OP* +PQ*[Pythagoras Theorem] 7 \

= (12)'= 5"+ PQ? r-" 0 "J
=PQ’=144-25 g

=PQ' =110 N *’“L J g
—-PQ =v119 cm =—p—= —a
(d) yI19 cm

4. Draw a circle and two lines parallel to a given line such that one is a tangent and the
other, a secant to the circle.

AB _ A line B SR
PQ— A secant T ‘ |
XY — A tangent /
W™
N 7
B Qe B Y
L)

-

4.3 Number of Tangents from a Point on a Circle

Case 1 : There is no tangent to a circle passing through a point lving inside the circle.
Case 2 : There is one and only one tangent to a circle passing through a point lving on the circle.
Case 3 : There are exactly two tangents to a circle through a point lying outside the circle.

The lengths of tangents drawn from an external point to a
circle are equal.

10




=3: PQ and PR are the two tangents drawn from
-

an external point P to a circle of center O. JoinOP,
0Q.OR

T Prove: PQ=PR

Proof: Inright angle triangle OQP and ORP.
OQ =0R [Rads of the same circle]
OP=0P [Common side]

~. AOQP =A ORP [RHS]

. PQ= PR [CPCT]

P

EXERCISE 4.2
In Q.1 to 3, choose the correct option and give justification.

1. From a peint Q, the length of the tangent to a circle is 24 cm and the distance of Q) from
the cenire is 25 cm. The radius efthe circleis

OP L PQ and AOPQ) is a right angle triangle. s
0Q =25 cm and PQ =24 cm / \
In AOPQ), By Pythagoras theorem, = b's )
= (25)= OP? = (24’ Pt T
—0P° = 625 - 576=0P* =40 =0P=7 cm e be ™ 8 I
w3 (A) 7 om. e L

A) Tem B) 12cm O I5cm D) 245cm

2. In Fig. 4.11, if TP and TQ are the two tangents to a circle with centre O so that POQ =
110°, then PTQ) is equal to

TP and TQ are the tangents to a circle at P and Q OP and

OQ are radius of the circle at pomt of contacts P and Q) i
~ OP L TP and OQ 1 TQ R
£OPT = £0QT =90° { Y
In Quadrilateral POQT, | P—Jo
£PTQ + LOPT + £POQ + £0QT = 360° \
= £PTQ+90° + 110° + 90° = 360° g O

= LPTQ=10° Fig 4.11
=Ans (B) 70°.

A) 6 B) 70 C) 8 D) 90

6. Thelength of a tangent from a point A at distance 5 cm from the centre of the circle is 4
cm. Find the radius of the circle
AB 1s the tangent to the circle at pomt B. OB is the radius at point of contact

~0OB 1LAB P ey

OA =5cm and AB =4 cm [Given] 4 N

In AABO, { \

OA* =AB’+ BO’ [Pythagoras theorem] k DL_H. )

= 52=4'+ B0’ = BO* =25 - 16 st men
- B0?=9=BO=3 O I il

~ Radius= 3 cm. B 4cm g

11




7. Two concentric circles are of radii 5 cm and 3 cm. Find the length of the chord of the
larger circle which touches the smaller circle.

Two concentric circles of radius Scm and 3cm drawn with
common center O

AB is the chord of circle with radius Scm such that it touches
the circle of radius 3cm at P

~ AB 1s the tangent to the smaller circle at P
S =

= OP L AB
~ AP = PB [The perpendicular drawn from the center to the che.. ... ZTT200
QA’= AP’ + OP*[By Pythagoras theorem]
=5 =AP -3 =2 AP'=25-0 2 AP=4.
AB=2AP=2x4=8cm
s The length of the chord = 8§ cm.

8 A qundrﬂi:m’ai ABCD is drawn to circumscribe a circle (see Fig. 4.12). Prove that
AB+CD=AD+EBC
From the figure,
DE. = D5 [Tangents from the external point D ] (1)
AP =AS [Tangents fiom the external point A ] )
BP =BQ [Tangents from the external point B ] (3)
CR=CQ [Tangents from the external pomt C ] (4) b \
M+@+3)+® ) A
DR+ AP+BP+CR=D5+AS+BQ+CQ P -
= (BP + AP) = (DE.+ CR) = (D5 + AS)+ (CQ = BQ)
=AB + (D =AD~+BC

5 Area Related to
circles

Fig 4.12

5.3 Areas of Sector and Segment of a Circle
The portion {or part) of the circular region enclosed by two radi and the corresponding arc is
called a sector of the circle and the portion (or part) of the circular region enclosed between

a chord and the correspondine arc 15 called a segment of the cuocle.
A

12




some relations (or formulae) to calculate their areas.

Let OAPB be a sector of a circle with centre O and radius 1

(see Fig. 5.6). Let the degree measure of £AOB be 0,

If the angle at the center is 360°, then the area of the sector = mr?
S0, when the degree measure of the angle at the

Centre is 1, area of the sector = TT-;

Therefore, when the degree measure of the angle at the centre 15 8,

mr? [}
Area of the sector= — x8=—znr?
360 360

Area of the sector of angle 8 = ﬁ xmr?

Length of the arc of a sector of angle 8 = % x2nr

Areaof SegmentAPB *-! Area of OAPB Sector — Area of AOAB

Area of OAQB Major sector |—'v ! - Area of Minor sectorOAPB |

Area of AQB Major segment e— [ml — Area of APB Minor segment]

Example 2 : Find the area of the sector of a circle with radius 4 cm and of angle 30°.

Also, find the area of the corresponding major sector (Use = 3.14)
Solution: Given sector is OAPB.

Area of the sector OAPB =% X ré
= x314x4x4= ~ 4.10 cm’
360 3
Area of the corresponding major sector
= mr - Areaof sector OAPB =(3.14 x16-4.19) cm’= 46.1 cm®
Alternate Method:
Area of the corresponding major sector =
= B0 x3.14x4x 4= 46.05 ~ 46.1 cm?

360

12.56

360-8 3
X mr
360

Exercise 5.2
[Unless stated, otherwise use m = ?
1. Find the area ofa sector of a circle with radius 6 cm if angle

of the sector is 60°. .2

8
Area of the sector of angle 0 = —— = r |.
Area of the sector of angle 60° = ::;‘;.xx r cm? v
132 b) A B

1 22
= — ¥ —_— = — o
g X6x6 x - =="=cm
Find the area of a quadrant of a circle whose circumference is 22 em p——

Quadrant of a circle = Angle of sector 90°
Circumference C=2ar=22cm |' o

(=]

. 22 2257 7
Radius r=—cm= =- |
= 2x22 2“‘0‘B
Area of the sectorof angle 0= ——>ar .
90 1 22 T7 77
Area of the sector of angle 90° = Xprt==x=x-F>==cm? A
360° 4 7722 8

13




3. The length of the minute hand of a clock is 14 cm.
Find the area swept by the minute hand in 5 minutes.
The minute hand is the radius of the circle. = Radius(r) =14 cm

The angle of rotation formed by minute hand in 1 hour = 360°
~ The angle of rotation in 5 minutes = % x5=130°

Area of the sector of angle 0 = 2 xn s

3607
= Area of the aectorofangle 300 = P x14x14= Sxx 14x 14

=->=223? cm

4. A chord ofa circle of radins 10 cm subtends a right angle at the centre. Find the area of
the corresponding : (i) minor segment (ii) major sector. (Use =3.14)
Radms of the circle =10 cm
The angle of the Major sector = 360° - 90° =27(0°

270
Area of the major sector —ﬁknrcm-

= IX 3.14 x10x 10 =75x3.14 ecm*=2355 cm?

Inright angle AAOB . 0A=10cm, OB=10cm
Areaof AAOB =2 x OA x OB=2 x10 x 10 =50 em*— (1)
The angle of the Minor sector = 907

90
Area of the minor sector = ﬁxnrcm'

= IN 3.14 x10x10 =25%x3.14 cm® =2
Area of minor segment = (2) - (1) =785 cm®- 50 cm’= "E 5 cm’
5. Imacircle of radins 21 cm, an arc subtends an angle of 60° at the centre. Find:
(i) thelength of thearc (ii} area of the sector formed by the arc
(iii) area of the segment formed by the corresponding chord
Radws of the cucle =21 cm
(i) The length ﬂfﬂlEAIf: AB=——x2ar

Arc AB =2 x 7}1 == ’?'1=—><’3x22:1 3 =22cm
360" &

(11} The angle furmadbyaIcAB = 60°

Area of the sector ofangle 60° = % X I cI°
&0
35D°

=11x21 cm’ =231 cm?
(ii1) The area of the equilateral AAOB = x (OA) = x (21 =
Hence the required area= Area of the secmr formed by the Arc - area of AAOB

“1‘5){:1111

x?x,’!i}ﬂl cor= Ex 22x3x21 cm‘=;x 22321 e’

+|1u"_ )]
—m-

- (231 -

8. A horse is tied to a peg at one corner of a square shaped grass field of side 15 m by
means of a 5 m long rope (see Fig. 5.11). Find
(i) The area of that part of the field in which the horse can graze
(ii) The increase in the grazing area if the rope werel( m long instead of 5 m. (Use =3.14)

Given, the side of the square=15m s fe, o el o3 35
The length of the rope [Radius of the arc(r)] =5 m Mstel o2 Wee O
The radius of the field in which the horse can graze= 5m. | * e :': * :: :: ‘:-
Ta o5 " *
(1) Area of the field graze by the horse J *% e
-

[Horse s tied at the comner of the square So, it graze only
quadrant of the circle of radms 5m]

ru:r1 311}::51 785 _ 19.625 m?
{u}TheimgthofﬂRmpﬂs 10m then the area graze

:rr2 314x107 314
= = =785 m!

by the horse =
4 4

Therefore 1 mc:rease 1N grazing area g ~
=785 m’ - 19.625 m® = 58.875 m’ Fig. 12.11

14




. An umbrella has 8 ribs which are equally spaced (see Fig. 5.13). Assuming umbrella to
be a flat circle of radius 45 cm, find the area between the two consecutive ribs of the

umbrella.

Total ribs i the umbrella = 8 \
The radms of the umbrella when it to be flat =45 cm

The area between the two consecutive ribs = — ol A2 Fig 5.13
number of ribs

12
_omr? X450 44ss0 22275 W .

8 8 56 28
11. A car has two wipers which do not overlap. Each wiper has a blade of length 25 cm
sweeping through anangle 0f115° Find the total area cleaned at each sweep of the blades,
The angle of the sector formed by the wiper=115°
Radius of the sector = length of the wiper =25 cm

Area of the sector formed by the wiper = = o? em®
_ 115°

11
3607

x22 £ 25 x25 cm®
26a0° 7

23 ZZ 23 11 - 158125
=—x—x625 m’ =—*—x65 ' =—— cm*
T2 T 326 7 252

The total area coveed by blades of two wipers

158125 5 158125 i
=2x cm = =1254.96 cm?
252 126

12. To warn ships for underwater rocks, a lichthouse spreads

a red coloured light over a sector of angle 80° to a distance
0f16.5 kkm. Find the area of the sea over which the ships are

warned. (Use =3.14)

Let the lighthouse be at O

Radius of the sector = length of the beamr=16.5 km
Angle of the sector formed by the beam = 807

The area of the sector which light spreads = Area of the sector= % ®mr km®
= 2x3.14x 16 5x16 Skm’ = 2x3.14 x 272 25km* = 189.97 km?

Example 5: Find the area of the shaded region in Fig. 5.16, where ABCD is a square
of side 14 cm x -

Solution : Area of square ABCD = 14 x14 cm®= 196 cm
Diaameter of each circle = ? = Tcm

. H T
So, radiusof the circle = = cm

3 3 22 7 T 77 o
So, area ofeach circle = nr =R R O

Therefore area of four circles = 4 x ? =154cm?
Therefore area of shaded region = (196 — 154)= 42cm’ D .

Fig 516
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meede 60 ABCD od 10 cm 7 B A p— —
mmag{ G 3 3 SRen | : _-] i 1
IREET) .«..,mn:i:zcs YEFE T Y

"' —

=fng. -'.-.-3. 517 :‘; q.;u.l.-ﬁ.-?fh..l _'—[_ . % + i)

LR asrarsine, sooblBoih
] ! -
(T = 314 Soth wes) [ : e
n Fig 5.17 con Fig .18 c

Area T+ Area IT = Area ABCD — Area of the two semicircles circle of radius 5 cm
=Area of ABCD — Area of the circle of radius5 cm = a’ - ar?

=10x10 — 3.14x5'=100—-3.14x25=100—-78.5 =21 5cm’

Area III+ Area IV = 21 5cm’

Therefore. Area of shaded region = Area ABCD — Area[I -1+ I + IV

= 100 — 2x(21.5)=100—43 = 57cm’

Exercise 5.3

[ Unless stated otherwise, use m= E 1

1. Findthearea of the shaded region in Fig. 5.19, if PQ =24 cm, PR 7 cm and O is the centre

of the dircle. T
PQ=24cmand PR=7cm
£P = 00" [Angle of semi circle ]

-~ Hypotenuse QF. = Diameter of the circle
QR?=PR* + PQ’ [Pythagoras theorem in A PRQ]
= QR'=7"+24"= QR*=40 + 576
= QR!=625=>QR=25cm Yo
- Radms of the circle = 22—5 cm

L TR —X—o¥— 13750 6ATS
Area of semi circle e F ; B = cm? = = cm? =245.54 cm!?

Area of APQR == x PR x PQ
=2 %7 %24 oo’ = 84 cm?
=+ Area of shaded region =245 54 cm’ - 84 cm” = 161.54 cm?

GETS 675 =2352 4523 bl
= cm-]

[Or Z=2-84 -
28 28

Find the area of the shaded region in Fig. 5.20, if radii of the two concentric circles with
centre O are 7 cm and 14 cm respectively and AOC =40°,
Radius of the inner circle =7 cm

Radius of the outer circle = 14 cm

The angle of the sector = 40°

——x—x 142 l:m-=—x22:l:1xl4 cm’ —ﬂfm"-

Area OBD = Area of the sector —L; X oor

1 154
=—x— =7 ::m—=—x?.2 x?cm‘—Ti:ml

& A.rea of shaded region
= Area of the sector OAC - Area of sector OBD

(516 _) 3. 462 ¥ __ 154 3

cm
9 3
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3. Find the area of the shaded region in Fig. 5.21, if ABCD is a square of side 14 cm and
APD and BPC are semicircles. A B

Side of the square = 14 cm

Diameter of the semi circle = 14 cm

+ Fadms of the semi cirele =7 cm »
Area of the square =14 x 14 = 19;3 cm’

Area of the semi circle =% =777 13 _77 o2

Area of two semicircle =2 % 77 em® = 154 em? o

-. Area of shaded region = 196 cm?-154 cm? = 42 cm! i
From each corner of a square of side 4 cm a quadrant of a circle of radius 1 cm is cut and
also a circle of diameter 2 cm is cut as shown in Fig. 5.23. Find the area of the remaining
portion of the square.

The side of the square =4 cm; Radius of the circle=1 cm

Area of the square = (Side)’ = 4?= 16 cm?

xR, TP on
Afeanfea:hquzdrantnTun— = T* = —om’
= Area of four quadrant = 4 x ﬂ =2 cml
Area of the circle = ::chm3=_7->c 12 z?zcm
Area of the square = Side’ =47 = 16cm’

22 22 44 1
) cny = ?tm Fig 5.23

C

pu

s Aroa of shaded regmn = Area of 5quare - [Area of four quadrants+ area of circle]

16— (22 22) ( IIZ-H)cm

7. ImFig. 5.25, ABCD is a square of side 14 cm. Wiih cenires A. B, C and D, four circles are
drawn such that each circle touch externally two of the remaining three circles. Find the
area of the shaded region. — F__ﬂ

- -,
Side of the Square = 14 cm ' .

- Radis of each circle =%= 7cm ( 8 j
Area of square ABCD = 14 =196 cm’ \
2 2 5
Area ofﬂlequadram=%cm1=_i-7—T=% cm1=£cm-
/
A

« Area of four quadrant =4>¢?cm3=154mf ]

& Area of shaded resion R S H%
= Area of the square ABCD - 4 Area of four quadrant Fig _,.-_;_5“—"
=106 cm’ - 154 cm™= 42 cm?

0, Im Fig. 5.27, AB and CD are iwo diameters of a circle (with B
cenire () perpendicular to each other and OD is the diam
efer of the smaller circle. If 0A=7 cm, find the area
of the shaded region.
Radius of the greater circle R=7cm N ood v
Radius of the smaller cuircle r =; cm
Height of ABCA=0C=7 cm; Base of ABCA=AB=14cm -
Area of ABCA =2x AB x OC =-x 7 14 = 49 cm’ Fig 5.27

Area ﬂfgreatercucle = rtR-=— % 77 =154 cm?
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20 154
Area of greater sem-curcle = = cm”= 77 cm?

9: 22T F T

Areanfsmallercircle=m~==?x;x;m?cm1

Area of shaded aregion
= Area of greater semi-circle - Area of ABCA + Area of smaller circle

= (7? - 49 + ??7) cm?= (—154'%”?) cm® = (12—3 cm® = 66.5 cm?

2

11. On a square handkerchief, nine circular designs each of radius 7 cm are made
(see Fig. 5.29). Find the area of the remaining portion of the handkerchief.
Mumber of circles =9; Radms ofeachetrcle=7 cm 4 p
There are three circles touch each other
= 5ide of the square = 3 ® diameter of the circle =3 = 14=42 cm
Area of the square =42 x 42 cm® = 1764 em?
Area of 0 equal circle =9 r=0x z—;x 7 % 7=1386 cm’

The area of remaing part of the handkerchief

= Area of the square - Area of @ equalcircle =1764 - 1386=237 Fig 5.19
12. InFig. 5.30, OACBisa quadrant of a circle with centre O and radius 3.5 cn. IfOD =2 cm,
find the area of the A

i) quadrant OACB ii) shaded region.
Fadms of the quadrant of the circle = 3.5 cm =§ cm

e
(i) Area of OACB quadrant =™ en® —722 e em?
(if) Area of ABOD =1 x Zx 2 co’= 7 em?
Area of shaded region
= Area of OACB — Area of ABOD B Fig 5.30 O
- (- ewi= (7 ) cwr= () w125

15. In Fig. 5.33, ABC is a quadrant of a circle of radius 14 cm and a semicircle is drawn with
BC as diameter. Find the area of the shaded region.
The radius of quadrant ABC of circle =14 cm
AB=AC=14cm
BC is the diameter of semi circle
Now, ABC is a right angle triangle
~BC*= AB* + AC’ [Pythgoras theorem]
=>BC*=14*+14' =BC=14V2cm
Radius semi circle = %icm =7y2 cm
Area of AABC =7 x 14 x 14 cm® =7 x 14 x 14 =98 em?

) TRZ 4 —xl4xi4
The area of the quadrant of circle = - = em” =154 cm?

4
22
L 7RZ  SxTWIxWZ
Area of semi circle e =’T =154 cm?

Area of shaded region
= Area of semi circle + Area of AABC- Area of quadrant of circle

A Fig 5.33 2

=154+08- 154 cm® =98 cm?
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7

Coordinate Geometry

Coordinate axes:

A set of a pair of perpendicular axes X!0X and YOY!

[-Hmizcntal ]jue-]

T:E?:Ejs

|' Vertical line

X'oX

YOY! Y - Axis |

LAY
I I
N 0 X
I | v |
A

p——

The intersection point of X and Y axes is called the Orgin ‘0’

The distance of a pomt from the y-axis 15 called its ®-coordinate, or abscissa. The distance
of a point from the x-axis is called its y-coordimate, or ordinate The coordinates of a
point on the x-axis are of the form (% 0), and of a point on the v-axis are of the form (0. v).

The Coordinate axes divides the plane in to four parts. They are called quadrants.

The coordinaes of the orginis (0,0)

7.2 Distance Formula

The distance between two peints on X-axis or on
the straight line paralle to X-axis is

Distance = X; — X,

The distance between two points on Y-axis or on
the straight line paralle to Y-axis 13

Distance =y, — ¥,

AB® = AC? + BC*

The distance between two points which are

neither on X or Y axis nor on the line paralle to
X orY axis

d= \f{(xz — X1 2+ (y2 —y1)?
The distance between the pomt P(x v} and the orgin

d = /x2+y?

0 %)

Clny)

Example 1:Do the points (3, 2), (-2, —3) and (2, 3) form a triangle? If so, name the type

of triangle formed.
P(3.2). Q(-2.-3). R(2.3)

Formula d = /(x3 — x1)2+(y2 — y1)?
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PQ= [(3-(-2)+(2~ (-3)’
=B+ 2+ 3P

=/(5)2+(53) =25+ 25 = V50 = 7.07
QrR=,(-2=2)3+(-3-3)2

= (-4 +(-6)* =V16+ 36 =52 =7.21
PR=(3—2)*+(2 - 3)? = /(1)2+(-1)?
=VT+1=2=141

Since the sum of any two of these distances &s
greater than the third distance, therefore the pomt
P.Q and B form a triangle.

Also, PQ® + PR*= QR’ by the converse of
Pythagoras theorem #P=90° we have

Therefore, PQR. is a right triangle.

Example2: Show that the points (1, 7), (4. 2). (-1, —1) and (— 4, 4) are the vertices of a

square.
Solution: A (1. 7). B (4,2). C (-1, -1) and D (4, 4)
AB= G-+ (2-77F =/(3P+H(-5F =y9+25

V3%

BC=y(-1-4+(-1-2)2 = (-5 +(-3)2 =25+ 9 =34

= (-4 (D) +(4- (D) |
=4+ 23 + 1)2 i
= (=32 +(52=v9 + 25 =32 1|
DA = J (1- (=) +7 -4
= JO+943)7 = /5 +3PF=V25+9=V32 |[]
AC= (-1 - DZH(-1-7)2 |
=P H(8)F = A+ 64 =68 |
|
i

BD = /(—4—4)7+(4-2)?
=J(-8P2+(2) =64+ 2 =68

Since, AB = BC = CD = DA and AC = BD, all "J._"'—"“
four sides of the quadrilateral ABCD areequal and it§ |

-..._|.....

N |
] |

\

diagonals AC and BD are also equal. Thereore, AB
i5 a square

Example 3 ; Fig. 7.6 shows the arrangement of
desks in a classroom. Ashima, Bhartd and
Camella are seated at A (3, 1), B(6, 4) and C(8, 6)
respectively. Do you think they are seated in a line?
Givereasons for youranswer,

AB =,/(6—3)24+(4 — 1)% = /(3)*+(3)?
=V9+9=+VI8=VIx2=3V2

BC =,/(B—6)24+(6 —4)2 =./(2)2+(2)2
=Vi+4=VB=a4x2 =242
AC=,/(8—3)2+H(6—1)2 =,/(5)2+(5)2
=V25+25=v50=v25x2=5V2

AB+BC=3v24+ 2W2=52

Rows

/5

L L Y T - ST B - -

ﬁ

13

4 5 & T & 9% 10

Columns

Siace, AB + BC = AC we can say that the pomts A B and C are collinear.

Therefore, they are seated in a line
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Exercise 7.1

1. Find the distance between the following pairs of points :

d=
d=

2

i) (Z! 3}! {4! 1) i-i} ('5! T}! ('1: 3} ii-i} (ﬂ, h)! {'“! 'h}
) (%, vo)=(2.3). (x .y)=0(41)

Formula d = ,/(x; = x;)2+(y; — y;)?
d=,/(4=2)2+(1=3)% =,/(2)2+(=2)?
d=v4+4=+v2x4 =242 Units Xy Yi | x2 | Y2
i) (%, v)=(=5 7). (% .y.)=(=1 3) -5 7 -1 3
d=,(-1=[-54+(3=7) =,/(4)2+(-4)?

d=v16+ 16 =vZ x 16 = 42 Units

i) (2. y1) =(a b). (xz.yz2) =(—a —b)

X ¥ Xz ¥z

[
(WS
I
—

J(—a—a)?+(—b—b)? =,/(—2a)>+(-2b)? X1 Y1 Xz ¥z
V#aZ + 4bZ = \[4(a 4+ b?) = 2y/a% + bZ Units a b -a -b
Find the distance between the points (0. 0) and (36, 15). Can you now find the distance
between the two towns A and B discussed in Section 7.2.

(= y) =(36. 15)

d= ‘,-"x3+y2 = /362+152 =+/1296 + 225 = /1521 = 39 Units

We can find the distance between the two towns A and B Suppose town A 15 at the Orgin,
then the town has to be at (36,15). The distance between these two towns 15 39km (1. 5),

Determine if the points (1, 5), (2,3)and (- 2,-11) are e
collinear. AL
A(1,5).B(2.3)==z C(-2,-11) 23
AB=,/(2-1)2+(3-5)2 = /(1)2+(-2)? L
=v1+4=5
BC = /(=2 =2)2+(=11-=3)2
= (=4)2+(~14)?
=16 + 196 = V212
AC = /(=2 = 1)2+(-11=5)2 ;
= J(=3)24(-16)2 = V9 + 256 = V265 e
AB 4+ BC # AC 3
~ These are non-collinear points
Check whether (5, -2), (6, 4) and (7, - 2) are . Q(6,4)
the vertices of an isosceles triangle.
Formula d = \/(x, = x,)2+(y, = y,)?
PQ= [(6 - 57 +(4 - (-2)’ i |
= J(D*+(6)? = VI ¥ 36 = V37 i)
QR = /(7 — 6)*+(-2 — 4)? | i
= J()2+(-6)2 =VI+ 36 =37 (ii) ! PO RED)
PR = /(7 = 5)24(=2 = [-2])?
=/(2)2+(0)2 =V =2 (iii)

(i). (i), (iii) => PQ = QR.
Since, Two sides of the trngle are equal
Hence, APQR 1s an 1sosceles triangle.
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5. Im a cassroom, 4 friends are seated at the !
points A, B, C and D as shown in Fig. 7.8.
Champa and Chameli walk into the class and
after observing for a few minutes Champa asks
Chameli, “Don’t you think ABCD is a
square?” Chameli disagrees. Using distance
formula, find which of them is correct.

The coordinates of the points A B.C and D are,
A(3.4).B(6.7).C(9.4).D(6.1)

AB=,/(6-3)2+(7-4)2 =,[/(3)2+(3)2

Hinvs

— L - U o -1 o =

=v9+8=118=3y2 (i)
BC =.,/(9-62+(4=7)% =,[(3)2+(-3)?
=\0+0=418=3y2 (if)
€D = +/(6—92+(1 — 42 =/(-3)24(=3)2
=v0+9=418 =342 (ii)
DA =4/(6-3)2+(1-4)2 =/(3)2+(-3)2
=\o+9=+y18=3y2 (iv)

AB=BC=CD=DA

Diagonal AC=,/(9—3)2+(¢—4)% =/(6)2+(0)2 =36 =6
Diagonal BD = /(6 — 6])2+(7 — 1) = /(0)24+(6)2 =36 =06
AC =BD

Thus, AB=BC=CD=DA |, diagonals: AC = DB

Since all the four sides and diagonals are equal

Hence, ABCD is a square. So. Champa is correct.

s

A% 4 5 B T
Columns

(v)
(vi)

6. Name the type of quadrilateral formed, if any, by the following points, and give reasons

for your answer:

i} (-1,-2), (L O, (-1, 2), (-3. 0) ii) (-3, 5). (3, 1), (0, 3), (-1, ) iii) (4, 5), (7, 6), (4, 3). (L. 2)

i) A(—1.-2), B(L0D), C(-1.2), D(-3.0)
AB=J(1—{—1}}2+(H—(—2})2
=J1+17+(0 + 27 = (2P +2)?
=ViTd=\E=yTx2=2/2

BC = /(-1-17+(2 - 0)% =(-2)+(2)*
=VE+a=VE=VIxZ=2V2

I

3

€D = J{—S — (D) +(0-2)2 =3+ DP+(—2)°
=2 (-2 =Va+4=8B =VEx2=2V2
DA= J(—s O (e

=J(E3+1PHRP =VE+I=VB=A%2 =2V2
AB=BC=CD=DA

AC= J[—l — (DY +H2-(-2)" =1+ DHE+ 27 =0 +(@)7 =16 = 4

BD = /(=3 = D)7+{0-0)F =/(=H7H{0)2 =VI6=4
Thus, AC = EBD

Since, the four sides AB, BC, CD and DA are equal and the diagonals AC = DB are equal

S0 the quadrlateral ABCD 15 a square.

22
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ii) A(-3,5), B(3, 1), C(0,3), D(1,-4) F e

AB = J{s - (=3)) +H1= (=) g mam

= JB 1372+ + 32 = /(6 (37 i EeaL \\,\
=436+ 16 =452 j“""P
BC = /I0=302+(3 = 1) =,/(=3)7+(2)® - .
=v9+4 =413 \ /

CD =/(=1=0)*+(—4—3)2 4

= J(=1)2+(=7)2=+1+49 . .ﬂ.\/

=1.||"§_=1,"'EX_=5‘V"E

DA = J{—a - (-1))°+(~4 - 5)?

= =3+ 1P+(=9)% = \[(=22 4 (=92
— VAT BI= V85
AB =+ BC# CD # DA

Smce, the four sides AB, BC,CD and DA are not equal Hence these poist does not form a
quadrilateral.

iii) A(4, 5), B(7,6), C(4. 3), D(1,2 [
Formula: d = /(x; — %)% +(yz —y1)? .
AB = [(7—4)+(6-5)2 =
=/@P+1)2 =Va+1=V10 g [ A et |
BC= /(4 =7)2+(3 - 6)2 /ﬁ/

= J(=3)F(=3)E =959 ! Pz
—VIE=VIX2=32 | e

CD =,/(1—4)2+(2 - 3)2 e

= (=32 +(-1)2 =9+ 1 =V10 i
DA = /(1=4)2+(2-5)2 : : ! i
=V (=3)2+(=3)2=+9+9
=V18=V9x2=3V2

AB= CD, BC=DA

AC=J(4-4)+(3-52 =02+ (-22 =0+4=VE=2
BD=,/(1=7)2+(2-6)2 = /(—6)?+(=4)? =36+ 16 = V52 = V4 x 13 =24/13
AC = DB

Thus opposite sides are equal AB= CD,& BC=DA

But diagonals are not equal. AC = DB .. The given pomts are forming a parallelogram.

7. Find the point on the x-axis which is equidistant from (2, —5) and (-2, 9).
We know that a point on the X — axis is of the form (x. 0).
Let the point P (x, 0) 1s equi distance from the points A(2, -5) and B(-2. 9)
AP=FBF
(x =20 +(0=(=5)'=(x = (=2)} +(0 = 9
(x =2y +5=(x+2)y+(-9r
x24+22 -2(x)(2)+25=x2+ 224+ 2(x)(2) + 81
—4y + 25 =4x 4+ 81
—4y —4y=81=-25 = —Bx =56 :x=%=—?
Thus, the required pointis (—7.0)
8. Find the values of y for which the distance between the points P(2, —3) and Q(10, v)is

10 units.

(X, ¥)=(2-3)., (X.:)=(10y. d=10 _

Formula: d = /(x; — %, )2 +(y, — 7, 2 L Yi | X2 | ¥z
10 = f(10 = 2)2+(y = (=3)) = |/(B)2+(y + 3)? L 2 | -3 [ 10] ¥

102 =64+ (y+3)2 =100—64=(y+3)?
=(y+30P=36=y+3=+V36 =2 y+3=16
=y=6=3=3 or x==6=3==9
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0. If Q0. 1) is equidistant from P(5, —3) and R(x, 6), find the values of x. Also find the
distances QR and PR.
The pomt Q (0. 1) 15 equa distance from the pomts P (5. -3) and R (x. 6)
PQ=QR = PQ’=PR’
PQ=(5 —0)2+(-3-1)2= (5 P+(—4)2 =25+ 16 = V41
QR=,/(x —0)2+(6 = 1)2 = \/(x)2+(5)2 =VxZ + 25
PQ'=PR =(y3?+25) = (vAI)’
%2425 =412 ¥ =41 =25= x? =16 = x=4+16 = x=+4
The coordinate of the point R 15 (4.6) or (—4.6)
If the coordinates of R 15 (4.6) then
QR=/(4 =0)2+(6—1)? = /(4)2+(5)2 = V16 + 25 = V41
PR = (= 5)7+(6 — (=3))2 = /(17 (6 + 3)? = VIF 81 = VB2
If the coordinates of R 15 (—4.6) then.
QR = /(=4 =002+ (6= 1)2 = \[(=4)2+(5)2 = V16 + 25 = V41
PR=(—4-5)2+(6—(-3))2=/(-9)2+(6+3)2=+B1 + 81 =+BI x 2 =92

10. Find a relation between x and y such that the point (x, ¥) is equidistant from the point
(3,6) and (- 3, 4).
The point P (x. v) is equidistance from the pomts A (3, 6) and B (-3. 4).
PA=PB = PA'=PB’
PA=/(x = 3)2+(y - 6)?
PB =[x — (=3))7+(y — 4)?

AP*=BP' =({&x - 1)1y -6)2) = (& = (=3 +y—2?)

(= 3P+ — 6P =(x+ 3P+ — 4

X+ =23 +yi+ et =2(y)6) =22+ 3P+ 2(x)3) + vt + 4T = 2(v)(4)

X 4+0—6x4+y*+36—12y=x>+9+6x+y>+16—8y
¥W—x?—6x—6x+y—yt—12y +By=25—-45

—12x—4y==-20 + -4

3x4+yv—-5=0 This is the required relation

3x + v — 5 = 0 is representing a straight line

Thus the pomt equidistance from the pomnt A and B on the perpendicular bisector of AB

7.3 Section Formula
The coordmates of the point P(x. y) which divides the line segment joining points A(x,. v, )
and B(x,, y,). internally, in the ratio my - m, are | Binay )

(
iFLx,y} =

The mid-point of a ine segment divides the line sepment
in the ratio 1: 1. Then the coordinates of the midpomnt
of the line segment,

(mﬂlz + mg X3 MmMy; + My }'1) ]
m; + ms ’ my + ms

-
\
- R

P(x.y) = (= ; %, B : F‘) | =
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Example 6 : Find the coordinates of the point which divides the line segment joining the
points (4, — 3) and (8, 5) in the ratio 3 : 1 internally.
{XI'}FI:] — (4'_3}l {:XZ-'FZ} = (BFEJI n‘-]: mz = 3: 1

oo MaXabma Xy BEMHL(6) _ Zasd _ 26 _ 7 Xy M X2 ¥z
T my+mz | 341 &4 4 4 -3 g 5
_ Mmyyp+ma ¥y F(5)+1(=3) - 15=3 1z 3

y= my+m, 3+l & 4

Therefore the required point is (7.3)

Example 7 : In what ratio does the point (— 4, 6) divide the line segment joining the
points A{— 6, 10) and B(3. — 8)?

P(xy) = (=4.6), A(xy, y1) = (=6.10) . B(x;, y5) = (3, —8).m; =7, m, =7

(x F:} - (msz +my Xy m;yz + My ]l"l)
my+m; ' my+my

(—46)= {mlﬁj +my (=6)  my{=8) +m; (m)]

my4my " My 4

3mgy=6m =Bm 4+ 10 m
o s e Or 6= et i 8
my & my my+m;

—4m, — 4m, = 3Im, —6m,
—4m, = 3m,; = =6 m, + 4m,
=7m,; = =-2m,

m -2 F-
—=—==my:m,; =2:7
m; =7 7

We should verify that the ratio satisfies the y-coordinate also.

—Bmy+10m; _ —B(Z)+10(7) _ -16470 _ 54 _—
= = =—=

my +m; Z47 9
Therefore, the pomt (— 4, 6) divides the lne segment joining the points A{—§. 10 and
B(3,—8)mntheratio2 : 7
Example: Find the coordinates of the points of trisection (Le. points dividing in three egual
parts) of the line segment joining the peoints A{2, — 1) and B{— 7, 4).

Let P and Q) be the trisection pomts of AB. = AP=PQ=0QB

Therefore, P divides AB mternally in the ratio 1 : 2. Therefore, the coordinates of P, by applying
the section formmila.

Alxpy,) = (2.-2) . Bxa. y,) = (=7.4)

m;=1. m;=2

my 4 my iy +mg
. (1{-“?)+2{2) t(4)+2{_-zj) _ (u?H—l 1-4) A P Q B
- 142 1+2 - 3 " 3 .—0—0—?:)
(2,-4) -7+
= (20
- (3 ’ 3) = (-1.0)

MNow, Q also divides AB internally in the ratio 2 - 1. So, the coordinates of Q) are
A(x,.y,) = (2.=2) .B(xz.y,) = (=7.4)

m=2 m=1

Qixy) = (m,x1+mz e ) .l',)

my$my g g

- (2{"?‘J+1{2) 2E4}+l£-2)) = {‘”” ““2)= (“—‘2 E) = (-4, 2)
3

zer ! 241 T Z

3 3

Therefore, the coordinates of the points of trisection of the line segment joining A and B are
(-1, 0)and (— 4, 2).
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Exercise 7.2

1. Find the coordinates of the point which divides the join of (-1, 7) and (4, -3) in the
ratio 2 : 3.

Let the Coordinates of the Points be(x.v)
X x
mpmz =2:3  (xy, Yl} = (-1, 7). (%2 }'z) = . . = AL
(4.-3), -1 7 4 -3
_ [muixz +mz x1 miyz #+ mz ¥i
(xy)= ( my4my ' my My )
_ {2(4)43(=1) 2(=3)43(7)Y _ (8=3 =—e+21)_ (5 15 ol
_( z43 ' 243 )_(5 s }_ (5' 5]:'{3'?}_ (1.3)
2. Find the coordinates of the points of trisection of the line segment joining (4, —1) and

[_!!_3.}'
LetP and Q are the trisection points of AB o N e S M I R
= AP=PQ=QB -1 Fi 4 -3
~ The point P divides AB internally in the ratio 1 : 2 |- i |
Alx.y,) = (4 -1), Blx,y) = (=2,-3),
m=1 m=2 - - _ _ &=
= The coordinates of P is. : : ' | e
P(x.y) = myXy + Mg Xy m1¥z+mz!|"|) | i ] ) e o o "' !

? my+mz ’ My +Mz i
" (1{'—2)+2{4j 1(=3)42(= 1)) -
= 142 142 ; Q
= =248 =3=2 s & =5 . = 2.3 P |
e S e Y - I = s G
The point } divides AB iaternally in the ratio 2 ; 1 :

Alxyy) = (4.-1), Blxz.y2) =(=2,-3) 'my =2 m=1

Q{X F) o= (mixz +my ¥y My¥y 4 My ¥y
¥ my +m; k My +mo

] [Using section formula]

= s Gk 3= 5

241 241 3 3 3 3 3
4. Find the ratio in which the line ségment joining the points (- 3, 10) and (6, — 8) is divided
by (- 1, 6).
P(xy) =(-1,6), A(x;, y,)=(=3.10), B(x;, y;) =(6,-8).,m, =?, m, =?

myXy + My Xy m¥s + M3 ¥y
xl = ( L]
(.9 Mty i i Xy Y1 X, Y2
(_1 6) _ (mtﬁj + my (=3) my(=8) + m, (10})
B my+m; ! my+m; =3 10 6 -8
_1 s 6m1-3 ms 01_ 6 = -—3ml+10 ms;
my+Mm3 m1+mz

-m; —m, = 6m, =3 m,
-m1 — Gml = -3 mz + mz
Wy .=t __&
my =7 7
m,:m, = 2:7 We should verify that the ratio satisfies the y-coordinate also
=8my+10mz _ =B(2)410(7) _ =16470 _ 54 _ 6

my4m; 247 E

Therefore, the pomt (- 1. 6) divides the lme segment joiming the pomts A(— 3, 10) and
B(6.-8)mtheratio 2 : 7
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Find the rato in which the line segment joining A{l, — 5) and B(- 4, 5) is divided by thex-
axis. Also find the coordinates of the point of division.
We know that a point on the X — axis is of the form (% 0) Lettheratiobe k: 1

Alxy.y,) = (1,=-5), Bix,.y.) = (—=4.5) m, =k m=1
_ [mgNa +mz Xy MYz + Mz ¥y

[}L}r‘} - ( m1+mz : My =Ty )
_ fk(=9)+1(1)  K(5)+1 (=5)

[x'uzk_ﬁ[ k+1 ! k+1 )

k1l
Sk=5=0=5k=5
k=1theratiois 1:1
_ L{=a)41(1) _ -441 -3
=2 141 S TR ]

». The coordinates of the point of division = (? U')

X

6. If(1,2),(4, v).(x,6) and (3. 5) are the vertices of a parallelogram taken in order, find
xand y.
Solution:Let A(1.2), B(4.¥), C(x.6) and I{3.5) are the vertices of the parallelogram.
Since ABCD is a parallelogram
Therefore diagonals AC and BD bisects each other.
So. the coordinates of both AC and BD are same.

+ Mid point of AC = Mid point of BD = (Iz+ 5o oyat r:)
(ﬂ 64 z)_(:H 5+.1-’) : -
x Mo F AUTN T

(1+1 ﬂ) il 5+3,-)
2wl TRt g
¥

x+1 7 S+y #
T T T
F1=7, SFy=28
x=7-1, y=8-5
i=6 y=3

7. Find the coordinates of a point A, where AB is the diameter of a circle whose centre is
(2,—3)and Bis (1, 4). ik
The center of the Circle 15 the mid-point of the iR
diameter I‘l
= (xy) = (2,-3). Alx.y,) =7 .B(x.y,) = (1L.4)] '|
[K.-}"}: (124' X . !l'z*h] ' d I|I '

F 2

(2,-3) = (ﬁ : “—"1) . \mz.sn

2 2

e B Wi i g, {
2 2 1
1+ x,=44+ y,=—6 '\
m=4—-1 w=—06—4 :
x=3y=-10 [
. The coordinates of apomt Ais (3, —10) _ 1

8. If A and B are (-2, -2) and (2, 4) respectively, find the coordinates of P such that AP
= ; AB and P lies on the line segment AB

. 3 A 3 P 4 C
Given AP =;A.B [ -
P divides AB in the ratio 3:4
= AP:PB=3:4 Xy Y1 Xy ¥z
| Hig¥y 105 Xy My¥z + Mg ¥y =) = 2 -4
Q(x‘l?] a ( my+myz k. m1+m2 }

il (3{2)4—4{-2}. 3[-+}++{-zj) _ (6?;15' -l:uB) i (-_Epﬁ)

4% 344 T 7
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0. Tind the coordinates of the points which divide the line segment joining A{- 2, 2) and

B(2, 8) info four equal paris
The pomt X divides AB inthe ratio 1;3
The coordinates of X is,

_ fmgyXy +mp Xy myyz +Ms ¥y
{HFJ = ( my 41y g my -+, )

s (I{ZJH{‘Z}. I[S}+3{2}) = (ﬂlﬂ): ("—4 H} = (—1, 3)

143 1+3 4 4 +" 4

The point Y 15 the nud-point of AB
The coordinates of Y

Y1

¥z

()

(%7) =(m . H): (ﬂ E) = (E_ﬂ): (0, 5)

2 2 2 2 R

The pomt Z divides AB inthe ratio 3: 1
The coordinates of Z 1s,

(xy) = (mixz"‘mz Xy myyg + my }'1)
my +my ' my +m;

13 (3{2]“{-2}' 3(5}+1[2}} = (E.ﬁ): G’ E) 2{1.

341 341 4 4 4

10. Find the area of a rhombus ifits vertices are (3,
n}! {'i- 5}! = 1, 4] and (— 11 =3 1] taken in

i 1 g
order[Hint: Area of rhombus = —(product of its

diagonals)]

AC = (=1 =3)2+(4=0) =,/(—4)2+(4)?
=VIE+16 =16 x2 =42

BD = /(-2 - 4)2+(-1-5)% =/(-6)2+(—6)2
=436+36=V36x2=6\2

The area of the thombus = % X 42 X 6y2

- 24(yI)

7.4 Arvea of a Triangle D
Area of mangle :i ¥ base x height

= 12{2}: 24 square umits. et

e SR ——
— ] i 5

By Heron's Formula Area of the triangle = ‘,J' s(s—a)(s—b)(s—c) . Here, s= sty

a, b and c are the sides of the triangle.

2

We could find the lengths of the three sides of the triangle using distance formula. But this
could be tedious, particularly if the lengths of the sides are mrational mimber. Then we can

use the following formuia to find the area of the triangle.

. 1
[ Area of the triangle = E[XI(FZ —v3) + x2(y3 — y1) + X3(y1 — v2)]

|

Example 11:Find the area of a triangle whose vertices
are (1, -1),(- 4, 6) and (-3, -3).
A(1.-1).B(-4.6) == C(-3.-3)

B

Area :%[‘rl(}"! —y3) +x.(ys = w) + x50 — 2]

= ~[1(6 = (=5)) + (=4)(=5 = (1)) + (=3)(~1 - 6)]
= ~[1(6 +5) + (=4)(=5 + 1) + (=3)(=7)]

= 5[11 + 16+ 21]

=>(48) =24

*n

Area of the triangle is = 24 Square vnits
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Example 12 : Find the area of a iriangle formed by ! B
the points A(5, 2), B{4, 7) and C (7, - 4).
A(5,2).B4.7)and C({7.4)

Area :%[11(3’2_}’3]+x2(}'3_}’1}+-"3[}'1-}"2}] y
=>[5(7 - (-4)) +4(-4 -2 +7(2 - 7] - A
==[5(7 +4) + 4(—=6) + 7(=5)] o
=[55 =24 =35]
= %(55 —59)
==(-4)=-2 IS
Since area is a measure, which cannot be negative, we
will take the mumerical value of — 2, ie., 2. Therefore,
the area of the triangle = 2 square units.

Example 13 : Find the area of the triangle formed by the points P(-1.5, 3), Q(6, -2)
and R(-3, 4).

Area of the triangle= % [x; (2 = y3) + 2,005 = ¥ ) + 2500, = )]
=[(-1.5)(=2 = 4) + 6(4 = 3) + (=3)(3 = (=2))] Tt [
=[(-1.5)(=6) + 6(1) + (-3)(3 + 2)]

=2[9+6—15] =2(15-15)

— 1oy = -
=2(0)=0 |
If the area of a triangle is 0 square units, then its vertices [

will be collinear M 2 e l‘

— . = -— W .m - A w am .w . s me owmes W - -

Example 14 : Find the value of k if the points A(2, 3), B(4, k) and C(6, -3) are
collinear.
Since the given points are collinear, the area of the triangle formed by them must be 0, 1.2,

%[11(}"2 —y3) F (s = V) Fxs(v —¥2)] =0
20k —(-3)) +4(-3-3) +6(3 - K)] =0
~[2(k +3) + 4(—6) + 6(3 - k)] =0
%[2k+6— 24 4 18— 6k] = 0

%E—ﬁl-k]:ﬂ = k=0

Example 15 : If A(-5, 7), B(- 4, -5), C(-1, —6) and D(4, 5) are the vertices of a
quadrilateral find the area of the quadrilateral ABCD.
By joimng B to D, we will get two triangles ABD and BCD

« Area AABD = =[x, (¥ = ¥3) + X (¥ = V1) + %:(y1 = ¥2)]
=3 [(=5)(=5=5) + (=4)(5 = 7) + 4(7 = (=5))]

= ~[(=5)(=10) + (=4)(=2) + 4(7 + 5)] =[50 + 8 + 48]
=~(106) =53 Sq.units

= Area ABCD = %[xi{yz —¥s) + %2(y3 — y1) + X303 — y2)1
= [(=9 (=6 =5) + (=1)(5 = (=5)) + 4(=5 = (=6))]

= 2[(=4)(=11) + (=1)(5 + 5) + 4(=5 + 6)]
=-[44 - 10 + 4] =(38) = 19 Sq.units
Therefore the area of quadrilateral ABCD = 53 + 19 = 72 Sgumits

29




Exercise 7.3
1. Find the area of the triangle whose vertices are :
) (2,3), (-1, 0),(2.4) ii) (-5,-1). 3.-5) (5. 2)
i)(2,3),(-1,0), (2, -4
Area = %[1'1(}'2 = ¥3) + x2(y3 = y1) + x50y, = 32)]
=220 = (=9) + (-1)(=4 = 3) +2(3 - 0)]
=2 + (-1)(=7) +2(3)] =3[8+7 + 6] = 2(21) == Squnits
ii) (-5, -1), (3, 5) (5, 2)
Area = é (2, (y2 = ¥3) + %2 (y3 — y1) + x3(y, = y2)]
= i[(—S}(—E =2)+3(2=(=1)) +5(=1=(=5)]]
=2[(=5)(=7) +3(2+ 1) + 5(-1+5)] =2[35+ 9+ 20] = (64)
= 32 Sq.umnits.
2. In each of the following find the value of ‘k’, for which the points are collinear.
) (7.-2), (5, 1). 3. k) ii) (8, 1), (k. 4) (2,-5
) (7,-2), 5. 1), G k)
Since the given points are collinear, the area of the triangle formed by them mmst be 0, 1.e.,
é[xl (y2 =ya) tx2(ys = y1) + x3(y1 —y2)1 = 0
271 =-K) +5(k=(=2)) +3(-2=-1)]=0
[F(l-k)+5(k+2)+3(-3)]=0
2[?—?1{+51{+1E}—9] =0
S(=2k+8) =0

—2k=—8= k=:—:=4

ii) (8, 1), (k. 4) (2. -5)

Since the given points are collinear, the area of the triangle formed by them must be 0, Le.,
é[xﬂl"z —y3) + 5 (yz = yi) + 53y, —y2)1 =0

2

1
2
1

[B(—4— (=5)) + k(-5 - 1)+ 2(1 - (-4))] = 0

[B(—=4+5)+k(=6)+2(1+4)] =0

[B(1) + k(—=6)+2(5)]=0
[8 — 6k + 10] = 0

Z(—6k+18) =0

—6k=-18 = k=—"=3

(RTINS

3. Find the area of the triangle formed by joining the mid-points of the sides of the triangle
whose vertices are (0, —1), (2, 1) and (0, 3). Find the ratio of this area to the area of the
given triangle.

Let A(0.-1), B(2, 1) and C(0, 3) be the
vertices of the triangle ABC

D. E and F are the mud-point of AB. BC and AC i
The coordmnates of D
{:x,}r}:(xz'l-xl . .'!'2"'.1-’1):(2' E} 3 (C
2 2 2 2
= .3=un 2 [
The coordinates of E
y)=(z22, mpn) =2, =) = e
:(i %}_=(1. 2) e -1 c-/n 2 o
2% mffd:f}fii Of1;2+n _ (40 -143 "TA
(xy) = ( z y 2 ) .l ( z 'z )
s (u ) ;) =(0, 1) e
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The area of ADEF with vertices D(1, 0), E{1, 2)and F(0, 1)
1 ;
= 5[1'1{,}"2 —¥a) +xalys -J"'ﬂ + X3 (}'1 = _'.‘-"z]]

=§[1(2—1j+ 1(1—0) +0(0 = 2)] =§[1(1) +140]

=2[1+1] =2(2) =1 Squnits

The area of given triangle = i 21O — ¥3) +x2(ys — ) + x50 — ¥2)]
=-[0(1-3) 42— (-1)) + 0(-1 - D] = ;[0 + 2(3+ 1)) + 0]
=-[0+8+0] =2(8) =4 Squnits

The ratio of the AABC and ADEF = 4: 1

4. Find the area of the quadrilateral whose vertices, taken in order, are (—4,-2), (- 3,-5),
(3,—-2)and (2, 3).
A(-4,-2), B(-3, -5), C(3,-2) and D(2, 3}
By joining B to D, we will get two triangles ABD
and BCD
= Area ABD

1 :
ZEEX1(Y2_Y3}+XzLF3 —¥1) Xz (¥1 — ¥a2)] T T Py
—I[(—4)(=5—3) + (-3)(3 — (-2)) + 2(~2— (=5)]
= 1(—4)(=8) + (=3)(3+ 2) + 2(=2 + 5)]

1 1 23 .
=-[32—-15+86] =5(23) = Squnits B A e
~ AreaBCD ]

= %[3-1(?2 = y3) + X3 (¥3 = ¥1) +x5(y; = y2)]

=1[(-3)(-2=3) +3(3 = (=5)) + 2(-5 — (=2))]| " i

= 2[(—3)(=5) + 3(3 + 5) + 2(-5 + 2)]

= -[15+ 24— 6] =>(33) == Squnits

« Atea of ABCD = = + = = 22 = 28 Squnits b 1

5. You have smdied in ClassIX, (Chapter 9, Example [ 1 oC
3), that a median of a triangle divides it into two |
triangles of equal areas. Verify this result for £l
ABC whose vertices area (4 — ), B{3.2)and = - : Ly —
C(5, 2). 4 f
Coordinates of D, the midpoint of BC F . |
_ fmar=x ¥zt ¥ _ [5+2 r a4 | a
= P =5 %) i
8 Y. : . |
R (2 : 2) =4 0
AreadABD | L2 &
1 |

=§[X1{Yz—Y3}+Xz{;‘5?3—}'1)+3‘€3'~r.‘1"1 — yz)] \
= %{4(—2 -0+ 3(0=(=6)) +4(—6—(—2})] | .y $a

= ;m-z} + 3(6) + 4(—6 + 2)]
=[-8 +18—16] = (18-24)
= i(-ﬁ} = —3 Sq.units

Since area 15 a measure, which cannot be negative, we will take the mmerical value of — 3,
ie., 3. Therefore, the area of the triangle = 3square units.

Area AADC = i [, (y2 = ¥3) + %2(y3 — y1) + %3(y;, — ¥2)]

==[4(0 = 2) + 4(2 = (=6)) + 5(—6 = 0)]

=[4(-2) + 42+ 6) +5(-6)] =:[-8+32-30] =3(—6) = —3 uoo=Ran®
Since area i5 a measure, which cannot be negative, we will take the mmerical value of — 3.

1e., 3. Therefore, the area of the triangle = 3square units.
Hence, the mid-point of a triangle divides it into two triangles of equal areas.
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7.5 Summary
1. The distance between two given points d = /(x, — x,)2+(y> — y,)?
2. The distance from the orgin to the given points d = /x2+y?2

3. Section formula P is the point which divides the line segment joming the pomnts
A(xy, y1) and B(x2, y2)
If the point P divides the line in the ratio m: n then the coordmates of P

_ (myxz +mg x my¥z + My ¥
P(H.jp":}_( 11'1:1+m2 o 1::14.".2 l:]
4. IfP is the midpoint of AB, it divides in the ratio 1:]
P fA cZEA8=AAPAUAYAA P(xy) = (ﬁ , 2t

2 3

5. Area of triangle = é [x; (y2 = ¥3) + %, (¥z = y1) + %30y = ¥2)]

8 Real Numbers

Euclid’s division algorithm, as the name suggests, has to do with divisibility of infegers. Stated
smmply, it says any positive mteger a can be divided by another positive integer b n such a way
that 1t leaves a remainder r that 1s smaller than b.

8.2 Euclid’s Division Lemma

Theorem 8.1

[ (Euchd’s Division Lemma) : Given positive integers a and b, there )

exist unigue integers q and r satisfvinga = bg + r, 0 r <= b. )

A lemma 15 a proven statement wsed for proving another statement
Example 1 : Use Euclid’s algorithm to find the HCF of 4052 and 12576.

4052 | 12576 | 3 [ 420 4052 |2 i 72 470 |1
5% ' T30 1 373
170 T g B
12576 = 4052 x 3 +420 4052 = 420 x 0+ 272 420=272x 1+ 148
53 WY B o7 B I 3 W 1245
B 23 30
7 5 T
272=148x1+124 148 =124x1+24 124=24x5+4
4 24 6
J} -
24 24=4x6+0 . The HCF of 4052 and 12576 is 4
0

Example 4 : A sweetseller has 420 kaju barfis and 130 badam barfis. She wants to
stack them in such a way that each stack has the same number, and they take up the
least area of the tray. What is the number of that can be placed in each stack for this
purpose?
420 = 130 x3+30
130= 30x4+10

30= 10x3+ 0
So, the HCF of 420 and 130is 10.
Therefore the sweetseller can make stacks of 10 for both kinds of burfi
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Exercise 8.1

1. Use Euclid’s division algorithm to find the HCF of :
(i) 135 and 225 (i) 196 and 38220 (iii) 867 and 255
(1) 135 =o= 225

135] 225]1 90 135]1 | 45] 90f2
135 90 _ 90
90 45 _ _ 0
225=135x1+90 135= 90x1+45 90=45x2 + 0
» HCF =45

(if) 196 == 38220
106 38220195

38200 38220 = 106 % 195 + 0
0 = HCF = 196

(iii) 867 == 255
[ 255] 867[3 | 102] 35512 51 12 ]2
’ | 765| | 204 102

T — 51 0
867 =255 % 3 + 102 255= 102x2+51 102= 5122 + 0
» HCF = 51

3. An army contingent of 616 members is to march behind an army band of 32 members in

a parade. The two groups are to march in the same number of columns. What is the
maximum number of columns in which they can march?

(iii) 867 === 255

32 61619 | 8 3214
608 | | 32|
e 8 0
616=32x10+8 3= 8x4+0
« HCF = 8

They can march maximum 8 columns.

4. Use Euclid’s division lemma to show that the square of any positive integer is either of
the form 3m or 3m+ 1 for some integer m.
[Hint : Let x be any positive integer then if is of the form 3q.3q+ 1 or 3q + 2. Nowsquare
each of these and show that they can be rewritten in the form 3mor 3m + 1.]
Any positive mteger divisible by 3, we get the remainder 0.1 or2
= a1z ofthe form 3q.3g+1or 3g+2
iyifa=13q.
a’ =(3¢)° =9¢" =3(3¢’) =3m (m=3q’)
fiyifa=3g+1
a=(3g+1y=99" +6g+1= 33q°+2)+1=3m+1 (m=3q'+2)
fiijifa=3g+2.
a’=(3g+2y=0¢"+12q+4 = a’= 93 +12g+3 +1
=33g +4g+1)+=1=Im+1 (m=3q!+4q+1)
From (1) (1) and (11)
We say, square of any positive integer is etther of the form 3m or 3m+ 1 for some integer m.
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8.3 The Fundamental Theorem of Arithmetic
Example 6 : Find the LCM and HCF of 6 and 20 by the prime factorisation method.
Solution: 6 = 2' x 3
W=2x2x5=2x5
HCF (6.20) =2 and LCM (6,20)=2x2x3x5=60
|An§' two positive integers a and b, HCF (a, b) x LCM (a, b)=a x b.

We can use this result to find the LCM of two positive integers, if we have already found the
HCF of the two positive mtegers.

Example 7 : Find the HCF of 96 and 404 by the prime factorisation method. Hence, find
their LCML

Solution: We can write the prime factors of 96 and 404 are as follows

06=2"x3: 404=2'x101

HCF(96,404) =27 =4

~ LCM (96, 404) = @ = 0606

Example 8 : Find the HCF and LCM of 6, 72 and 120, using the prime factorisation
method.

6=2x3; 72=2x3% 120 =2'x3x5

~HCF (6. 72.120) =2'x3'=2x3=6

SLCM(6.72.120) =2 x 3 x5'=8x9x5=360

Exercise 8.2
1. Express each number as a product of its prime factors:
(i) 140 (ii) 156 (iii) 3825 (iv) 5005 (v) 7429
(E10=2 %3 x5 T=2%5%7
(i) 156=2x%2x%3x13=2"x3x13
(1) 3825 =3%x3x5x5x17=3" x5 x17
(W) 3005=5=T=11=13
(v) T428=1T7= 19 =23
2. Find the LCM and HCF of the following pairs of integers and verify that LCM = HCF =
product of the two numbers.
(i) 26 and 91 (i) 510 and 92 (iii) 336 and 54.
(1) 26=2=13
91 =T=13
HCF =13;: LCM =2=7x=13=182
Product of two numbers =26 x 91 = 2366
LCM x HCF = 13 = 182 =2366
=~ LCM x HCF = Preduct of two numbers

(1) 310=2x3x 5% 17
02 =2x2x23
HCF= 2, LCM = 2%x2x3 x 5% 17 =x33=23460

Product of two mumbers = 510 = 902 =46020
LCM xHCF = 2 x 234680 =46920

A LCM x HCF = Product of two mumbers

() 336=2x2x2=x2x3Ix7]

54=2=3=x3x3

HCF=2x3=6; LCM =2x2x2x2x3x3x3=x7=3024

Product of two numbers = 336 = 54 =18144
ILCMxHCF= 6=3024=18144

&~ LCM x HCF = Product of two numbers
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3. Find the LCM and HCF of the following integers by applyving the prime factorisation
method (i) 12,15 and 21 (ii) 17, 23 and 29 (iii) 8,9 and 25
(i)12=2x2x3; 15=3x5; 21=3x7
HCF = 3. LCM =2x2x3x5x7=420
() 17=1x17; 23=1x23; 20=1x20
HCF=1. LCM=1x17x19x23=11339
() 8=1x2x2x2; 9=1x3x3; 25=1x5x%5
HCF=1. LCM=1x2x2x2x3x3x5x5=1800

7. Thereisa circular path around a sports field. Sonia takes 18 minutes to drive one round
of the field, while Ravi takes 12 minutes for the same. Suppose they both start at the
same point and at the same time, and go in the same direction. After how many minutes
will they meet again at the starting point?
To find the time they meet agam in the same point, we have to find the LCM of ime
18=2x3x%x3; 12=2%x2x3
ICM=2x2x3x3=36
Therefore after 36 minutes they meet again at the starting point.

8.4 Revisiting Irrational Numbers
A number which can not be expressed m the form of E 15 called irrational oumber Here,

P.qE€ Zag=0
Theorem 8.3: Let p be a prime number. If p divides aZ, then p divides a, where a is
a positive infeger.
Theorm 8.4: /2 is irrational.
Proof Let us assume, to the contrary, that V2 is rational.

2= E [pgEZ. q#0and (p.q)=l ]

So, there is no other common factors for p and g other than 1
Now. vZ = £ = 2q=p Squaring on both sides we get,

T g

z bl hl
(VZa) -p* =2¢'-p’ (1)
= 2 divides p* = 2. divides p. [ By theorem]
=~ Let p=2m,

() = 2q°=(2m)* =2¢° =2m’
=2 divides q° = 2. divides q [By theorem]
2 15 the common factor forboth pand g

This contradicts that there 15 no common factor ofpand q .
Therefore our assumption is wrong. So, V2 is a an irrational number.

Example 9 : Prove that /3 is irrational.

Proof Let us assume, to the contrary, that /3 is rational.

35




=43 = 5 [p.a€ Z.q = 0 and (p.qr=1]
So, there 15 no other commeon facters forp and g other than 1
Now, +3 = E = +/3q =p Squaring on both sides we get,

z ® - Ll
(V3q) =p* =3¢’=p’ (1)
= 3 divides p* = 3 drvides p [ By theorem)]
~ Let p=3m,

() = 3g°=03m)? =q’=3n’
=3 divides q° = 3 dividesq [ Bytheorem]
3 is the common factor for both pand g . This 1s not possible.
Therefore our assumption 1s wrong. 5o, /3 is a an irrational mumber.
¢ The sum or difference of a rational and an irrational number is irrational and
o The product and quotient of a non-zero rational and irratonal number is
irrational
Example 10 : Show that 5-+/3 is irrational
Proof: Assume that 5 —+/3 is a rational number.

=5-43 = E [pgE Z.q+0and (pg)l]

=~5—E= V3 :>5':—"p=ﬁ

Sg=p . Z . . : 2k i
Here, % is a rational number but /3 is an irrational mumber. This is not possible

So, our assumption is wrong. Therefore 5 - '3 is an irrational number.

¢ The sum or difference of a rational and an irrational nnmber is irrational and
s The product and gquotient of a non-zero rational and irrational number is
irrational

Example 10 : Show that 5 - V'3 is irrational
Proof Assume that 5 —+/3 is a rational number.

=5-43 = E [pge Z.q=0 and (p.grl]

=:~5—§='u"§ =3~5':T_"p=ﬁ

Here, 51—“? is a rational number but 3 is an irrational mumber. This is not possible

So, our assumption is wrong. Therefore 5 - +/3 is an irrational number.
Example 11 : Show that 3v/2 is irrational.
Proof Assume that 34/2 is a rational mumber.

=3vZ = E [p.gE Z.q+ 0 and (p.gF-1]

== 2 —] i
3g
Here, % 5 a rational mumber but V2 is an irrational number. This is not possible

So, our assumption is wrong. Therefore 32 is an irrational mmber =5 500 342 o
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Exercise 8.3

1. Prove that+/5 is irrational.

Proof Let us assume, to the contrary, that +/5 is rational.
=5 = E [p.ae Z. q# 0 and (p.qF1 ]

So, there 1s no other commeon factors for p and qother than 1
Now. 5 = E = +/5q =p . squarmg on both sides we get,

2 3 P | 9
(V5q) =p* =5¢'=p’ 5
= 5 divides p- = 5Sdivide s p [ By theorem]
~ Let p=>5m,

(1) = 5¢°=(3m)? =q"=5m’
=5 divides q° = 5 dividesq [ By theorem]
5 15 the common factor for both pand q: this is not possible

Therefore our assumption 1s wiong. 5o, /5 is a an irrational number.

Prove that 3 + 2v/5 is irrational.

Proof: Assume that 3 +2+/5 is a rational number.
=3 + 24/5= f [p.qE Z.q= 0and (p.qi=l]
=24/5= E - 3= 45= R

2q
%

Here, Z—:Q is a rational number but /5 is an irrational mumber. This is not possible

Se, our assumption is wrong. Therefore 3 + 24/5 1s an irrational number.
Prove that the following are irrationals:

@) 5 @) W5 (i) 6+v2

= 1

(i) 7z

Proof Assume that ,,.if 15 a rational number.
1 _n 10

= E—E[p,qEZ.q¢0md (p.gFl]

s Y .
FE q

2p

Here, s is a rational number, but +/Z is an irrational. This is impossible.

E = 1 - S
Therefore our assumption 1s wrong. -~ —= 15 an irrational number.

(i) V5

Proof: Assume that 7+/5 is a rational mimber.

5 =§ [p.g€ Z.q # 0 and (p.g)=1]
S g
7q

Here,

P

s 15 2 rational mmber. but +/5 15 an irrational. This 15 impossible.

Therefore our assumption is wrong. = 7v/5 is an irrational mimber.
(iii) 6++2Z

Proof: Assume that 6+ /2 is a rational number

=6+y2= T [pq€Z.q+0and (p.g)-1]

=y2=2_§5 =42-E4
q

Hete,

p=6q
Z

E~% s a rational number, but +/Z is an irrational. This is impossible.

Therefore our assumption is wrong. = 6 ++/2 is an irrational number.
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Exercise 84

1. Without actually performing the long division, state whether the following rational
numbers will have a terminating decimal expansion or a non-terminating repeating decimal
expansion

i 13 sy 17 o 64 o | 29
1) — i) — mi) — w)— (v)—
I“31::5 ( )s ( )455 ( )muu ()343
- _— ey 6 .~ 35 77

(vi) 2353 (vii) 25775 (vii) 15 (ix) 50 =) 210

(i) —— - Factorising the denominator 3125=5 x5 x5 x5x 5=20 x5°

3125

Here, The factors of 3125 is ofthe form 2%5™ So, this has a terminating decimal expansion

(i) - Factorising the denominator § =2 x 2 x 2 = 2%5°
Here, The factors of § 1s of the form 2%5™ . So. this has a terminating decimal expansion.

(iii) > - Factorising the denominator 455=5x7x 13

455

Here. The factors of 455 15  5x7x13 1s not in the form 2® x 5®

So, this has non-terminating repeating decimal expansion.

(iv) :::a - Factorising the denominator 1600 =2 x2x2x2x2x2x5x5=2%x 352
Here, The factors of 1600 1s of the form 2=5%

So, this has a terminating decimal expansion.

(¥) 5.z - Factorising the denominator 343 =7 x7 x 7="7°

Here. The factors of 343 is not in the form 2% x 5%

So, this has non-terminating repeating decimal expansion.

(vi)
So, this has a terminating decimal expansion.

23
2352

- denominator is of the form 2® x 5™

23

(vii) —— denominator is not in the form 2® x 5%

2EgTye

So, this has non-terminating repeating decimal expansion.

] 2

{*riii]l]'f'—5 = —== dmominator 2°x 5! is of the form 22 x 5=

15 5

So, this has a terminating decimal expansion.

., 35 7 Y s .
(ix) o, = £ - L - L dinominator 2! x 5! is of the form 2° x 5®

50 10  2Zx5

5o, this has a termunating decimal expansion.

A

77 77 11 11
x)—

—— . —

210 210 30 2x3x5 ) i _
So, this has non-terminating repeating decimal expansion.

Write down the decimal expansions of those rational numbers in Question 1 above
which have terminating decimal expansions.

o 13 13 25 15x32 416

= 2 =x== = =0.00416
® 55 55 T 25 1r.;5 100000

P b | 17 17 5 17x125

i)— =% —=—X —= —— = 2135
() 8 : | 21 53 1000

dinominator not in the form 2% x 5%
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9 Polynomials

Degree of the polynomial:

p(x) is a polynomial in x, the highest power of x in p(x) is called the degree of the
polynomial p(x).

Examples:

4x + 2 is a polynomial in the variable x ofdegree 1.

A polynomial of degree 1 is called a linear polynomial.

23‘2 — 3y+ 4 is a polynomial in the variable yof degree

A polynomial of degree 2 1s called a quadratic polynomial.

quadratic polynomial in x is of the form ax2 + bx+ c, where a, b, ¢ are real numbers a#0.
is a polynomial in the variable x of degree 3

5x° —4x% + 2 - /2 is a polynomial in the variable x of degree 3

A polynomial of degree 3 is called a cubic polynomial. General form of a cubic polynomial is

ax® +bx?+ ecx+d - _
Where a, b, c. d are real numbers and a# 0
[Tu® - %u* +4u”+u - 8 is a polynomial of variable x and the degree of this polynomial is 6]

i L
Example:: Vx o+ 1. S
If p(x) 1s a polynomial in x, and if k is any real number, then the value obtained by replacing x by

k in p(x), is called the value of p(x) at x =k, and is denoted by p(k).

What is the value of p(x)=x*—3x—4 whenx=-1 ?

PE1)=(-1)*-3(-1) - 4=0

Similarlly, p(4)=(4)2-3(4)-4=0

Asp(-1)= 0 and p(4) = 0 -1 and 4 are called the zeros of the polynomial x> —3x—4

If k is a real number such that p(k) =0 then k is called the Zeros of the polynomial p(x)

If k 1sthe zero of the polynomial p(x) = ax+b then p(k)=ak + b =0 = k = —E
The zero of the lenear equationax+b 1is —E
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Example 1 : Look at the graphs in Fig. 9.9 given below. Each is the graph of y= p(x), where
p(x) is a polynomial. For each of the graphs, find the number of zeroes of p(x).

(1v
Solution :
(1)
(i)
(1i1)
(iv)
()
(vi)

(vi

(v

The number of zeroes is 1 as the graph intersects the x-axis at one point only.
The number of zeroes is 2 as the graph intersects the x-axis at two points.
The number of zeroes is 3 as the graph intersects the x-axis at three points
The number of zeroes is 1 as the graph intersects the x-axis at one point only.
The number of zeroes is 1. as the graph intersects the x-axis at one pomt only:
The number of zeroes is 4. as the graph intersects the x-axis at four poimts

Exercise 9.1

1. The graphs of y= p(x) are given in Fig. 9.10 below, for some polynomials p(x). Find the
number of zeroes of p(x), in each case.

(1)

(iv)

(iii)

(i)

(v)
Fig. 9.10

(vi)
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(1) The number of zeroes 1s 0 as the graph not intersects the x-axis

(11) The mumber of zeroes 1s 1 as the graph intersects the x-axis at one point only.
(111) The mumber of zeroes is 3 as the graph mtersects the x-axis at three points .
(1v) The number of zeroes 1s 2 as the graph mtersects the x-axis at two pomts.

(v) The number of zeroes is 4 as the graph intersects the x-axis at four points.
(vi) The number of zeroes 1s 3 as the graph intersects the x-axis at three points.

9.3 Relationship between Zeroes and Coefficients of a Polynomial

a and P are the zeros of the polynomial p(x)= ax* + bx + ¢, a#0
(x-a)and (x-p) are the factors of p(x).

Example 2 : Find the zeroes of the quadratic polynomial xZ + 7x + 10, and verify the
relationship between the zeroes and the coefficients

BIn

a

-b
Sum of Zeros [ o + B = — | ProductofZeros| off =

Solution: __,L,E + Tx+ 10 = )«:2 + 51X+ 2x+ 10
= X(X+ 5 +2 (X+5) =(X+ ) (Xx+ 5
s~ Thevahieof x2 + 7x + 10 iszowhenx= -2 or X = -5

£—2 and -5 arethe zerosof X+ 7x + 10

= —Coefficient of x
Sum of the zeros = (-2) + (-5) = -7 = 1~ Coefficient of x2
_ . 10 Constant

Product of the zeros = (-2) x(-5) = 10 1 Coefficientof x2

Example 3 : Find the zeroes of the polynomial x2 — 3 and verify the relationship
between the zeroes and the coefficients

Solution: a’—b’=(a-b)(a+b)

L x-3=(x-v3)(x+3)

» V3 and —/3 are the zeros of x*-3

Sumofthezeros = V3 + V3 =0 = SUBRIRGEIGoE X

Coefficient of x2
-3 Constant

Product of the zeros = (V3 )(- V3 ) = -3 = TR e

Example 4 : Find a quadratic polvnomial, the sum and product of whose zeroes are —3
and 2, respectively.

Solution: Let the required polynomial be ax® + bx + ¢ and its zeros are a and f3.

-b
satpf=-3= " and aff =2 :§
=1If a=1 then b=3 and c=2
~ Quadratic polynomial = x* + 3x + 2
The relation between the zeros and the coefficients of Cubic polynomials:
Ifa, B. y are the zeros of the cubic polynomia ax’ +bx’ +ecx+d then

-b C -d
at B+y=—; af+ By +ya=_; afy=—
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Exercise 9.2
1. Find thezeroes of the following quadratic polynomials and verify the relationship between
the zeroes and the coefficients.
(i) x2-2x -8 (i) 4s*—4s-1 (i) 6x*-3—7x
(iv) 4u? -8u (v) t2_15 (vi) 3x*-x-—4

() ¥—2x—8 =xX"—4x+2x—8 = (=41 2(x-4) =(x-4)(x+2)
= x= 4 and x= -2 are the zeros of polynomial x* —2x—8

, —(=2} =—Coefficientof x
= — = === 'J == - =
Sum of the zeros =4 +(-2)=2 - Cofiient of 32
-8 onstant
Product of the zeros = (4) }(- 2) = -8 = — =
( ) N ) 1 Coefficient of x2

(ii) 4s>—4s+1 =45’ 25— 25 +1=2s(s—1)—-1(2s—1) =(2s—1)(2s—1)
=D s= %and §= % are the zeros of the polynomial 4s” —4s+ 1

1,1 -( =4 =Coefficient of x
Sumofthezeros=5+5=1 i L E
... 4
Product of the zeros = - x - = = —
2 2 Coefficient of x2

(iii) 6x*— 3 — Tx = 6x>—T7x— 3 = 6x”— 9x +2x 3 = 3x(2x-3) +1(2x —-3) = (3x+1)(2x-3)
=>X=- % and x= % are the zeros of the polynomial 6x° —3 — 7x

Coefficient of x2
Constant

[T S NS

1,3 . _ =249 __ 7 _ =(=7)__ =—Coefficientof x
Sum of the zeros =—+==1 = = - = = -
3 [ 6 & Coefficient of x2
1 3 -3 Constant
Product of the zeros = -=x = = — = == -
3 2 6 Coefficient of x

(iv) 4u* +8u=4u’+8u+0 =4u(u+2)
= u=0and u= —2 are the zeros of the polynomial 4u’+ 8Su
_ —(8) _ —Coefficientof x

4 Coefficient of x2
Constant

Sum of the zeros = 0 +(-2) =-2

Coefficient of x2

Product of the zeros = 0 x —2=0 = % =

(W) 2=15 =t2-0.t—15 =(t-V15) (t + V15)
= t=+/15 and t = - V15 are the zeros of the polynomial 15
Sum of the zeros = V15 +(-V15) =0 = % — ZCocfficlent of

Coefficient of x?

. _ i, 4 _ ~—is Constant
Product of the z:ems1 = 15 x (/15 -15 = T e
(vi)3x* —x—4=3x —4x+3x—4 =x(3x—4+1(3x-4) =(3x-4)(x+1)
D X= % and x= -1 are the zeros of the polynomial 3x’—x—4
iRt e = i i (_1) o E ot l: =(=1) —Eaeff‘"i?ient of x

3 3 3 3 Coefficient of x?
Product of the zeros = = + (-1) = M ms—tamg

3 3 I Coefficient of x

1. Find a quadratic polynomial each with the given numbers as the sum and product of its
zeroes respectively. () , -1 () VZ, 3 (i) 0,V5 (¥) 1,1 () -5, (D 4,1
(i) —1; . -1 - Let the required polynomial be ax® + bx + ¢ and its zeros are a and 8.
4 a 4 a

= a=4,b=-land c=-4
». The required polynomial is 4x” - x— 4

S

42




(i) V2 , l - Let the required polynomial be ax” + bx + ¢ and its zeros are « and 3.

a+hB= \/_ Gr—? and uﬁ—§=

=a=3,b=—3v2andc=1
» The required polynomial is 3x” -3+/2 +1
(iii) 0. /5 — Let the required polynomial be ax’ + bx + ¢ and its zeros are « and .

a+h=0= b 2B and aB=+/5 =?=E

1 a a
=a=1,b=0and c¢c=+5
». The required polynomial is x>+ /5
(iv) 1, 1 - Let the required polynomial be ax? + bx + ¢ and its zeros are « and 3.
a+B=1=8-2 4 gR=q =1
1 d da
=a=1,b=-land c=1
». The required polynomial is x* - x+ 1
(v) — l : 1 - Let the required polynomial be ax® + bx + ¢ and its zeros are « and .

wiln

ﬂ+f3— —1 == and @h=t=2=S
4 4 a 4 4 a
=a=4,b=1land c=1
~. The required polynomial is 4x> + x+ 1

(vi) 4.1 - Let the required polynomial be ax® + bx + ¢ and its zeros are «a and f§

a+ﬁ=4=#=_?h and aff=1 =

=2a=1.b=-4 and c=1
= The required polynomial is x* - 4x+ 1

|-+|H
=" o

9.4 Division Algorithm for Polynomials:
Let the zero of x> - 3x> —x+3 is 1, then the factoris (x— 1)

Now, divide x’ - 3x> —x+ 3 by the factor (x — 1) then the quotient is x> —2x - 3.
By factorising x’ - 3x” —x+ 3 we get the factors = (x -1) (x +1) (x -3)

~» the zeros of the polynomial x* - 3x> —x+3 is 1, -1 and 3

Example 6 : Divide 2x2 +3x+1 by x+ 2.

x+2 | 2x*+3x+1 [ 2x-1 Solution: Note that we stop the division process when
2x* +4x either the remainder is zero or its degree is less than the
degree of the divisor. So, here the quotient 1s 2x— 1 and the

—x+1
_ %9 remainder is 3. Also, (2x-1) (x +2) =2x*+3x-2+3=
T3 2x> +3x+1

=Dividend= Divisor x Quotient + Remainder
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Example: Divide 7: 3x* +x?> +2x+5 by 1+ 2x +x?

1+2x+x" |3x° + x> +2x+5 |3x-5 | We first arrange the terms of the dividend and
3x} +6x2 + 3x the divisor in the decreasing order of their
3 degrees. Recall that arranging the terms in this

-5x - x+5 . .. . .
52 -10x- 5 order is called writing the polynomials m
standard form. In this example, the dividend is
9x +10 already in standard form, and the divisor, m

standard form, is xZ +2x + 1

(x> +2x +1) (3x -5) + (9x + 10) =3x*+x"+2x+5
=Dividend= Divisor x Quotient + Remainder

If p(x) and g(x) are any two polynomials and g(x)# 0 then,
P®) =g . q(x) + 1) |

q(x) - Quotient and r(x) - remainder
Here, r(x)=0 or the degree of 1(x) < the degree of g(x)

This is known as The Division Algorithm for polynomials

it - . - 5

Exam[:le 8: divide 3x~-x-3x+ 5§ by p.4 Dt = 32 91 122
- 1 - x- and verify the division algorithm. Z3F B - %

Note that To carry out division, we first write o T

both the dividend and divisor m decreasing 2% -2x+2

orders of their degrees. So, dividend = —x3 + 3

3x2 — 3x + 5 and divisor = —x2 + x— 1.

= Quotient =x -2, Remainder =3

Divisor x Quotient + Remainder = (-x* + x-1)(x-2)+3=-X +x> -x+2x*-2x+2+3
=-x’+ 3x> - 3x + 5 = Dividend. Hence, the division algorithm is verifyied.

Example 9 : Find all the zeroes of xd 33 3?4+ 6x-2, if you know that two of its

zeroes are /2 and -2

Solution: Since two zeroes are V2 and — V2

(x-v2)(x++2)=x"-2 are the factors of the polynomial

27| 230 32+ 6x—2 |22 -3x+1 | Now.divide the polynomial by x -2

e o Factorise the Quotient = 2x’ - 3x+ 1
30+ 21622 2x7-2x—-x +1= 2x(x—1)—-1(2x—1)
-3x° +6x = (2x -1)(x - 1)
FIE=; ) :>x=%.x=larethezeros
+ x° "; =~ All4 zeros are V2 ~ V2, % and 1
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Exercise 9.3

1. Divide the polynomial p(x) by the polynomial g(x) and find the quotient and remainder in
each of the following :
(i) p(x)=1~:3 —Sx:+51— 3 g(x)zx:—l (ii) pl{x)zxfl —3x2+4x +5 g(x)le-I- 1-x
(iii) p(x) =x -5x + 6 gx)=2-x
() pE=x 3x +5x 3 g =x -2

x -2 |x*-3x"+5x-3[x-3
x =0 «2x
-3x"+T7x- 3
-3x2+ 0 +6
+7x-9

Quotient = x— 3 ; remainder = 7x-9

(i) px)=x -3x +4x +5 gx)=x +1—x

X -x+1 [x*+0x3-3x2+4x+ 5 | x> +x-3
toxd 2
X - 4x°+4x
X -~ x4+ x
- 3x+3x+5
- 3x+3x- 3
8

Quotient = x° +x- 3 ;remainder = 8

(iii) p(x) =% -5x +6 g(x)=2-x
-x° +2 X+ 00X+ 0x-5x+ 6 | x? -2
x*+0 - 2%
22 - 5x+ 6
2x*+0 - 4
5x+ 10

Quotient =-x’—2 :remainder = -5x+ 10
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2. Check whether the first polynomial is a factor of the second polynomial by dividing the
second polynomial by the first polynomial:

G -3, 20+ 368-208-9¢-12 (i) +3x +1, 3Ix'+52-Tx+2¢+2
(iii) x* - 3x +1, -4+ +3x+1
G -3 2884380 -26-91-12
t2 — 3| 2t%+ 33-212-9t— 12 | 282 43t+ 4
2t + 0 - 6t
+368 +42 -9t
+36 +0 -9t
+4£2 0 - 12
+4£ +H0 - 12
0

Remainder is Zero. Therefore first polynomial is the factor of the second polynomial.
(ii)x*+3x +1 3t 5t T -2 b2

X430 |3 +583 -7 +2x+2 [ 3x52-4x+2

3x*+9x* + 3x°
- 4x3 -10x” + 2x
-4x%3—12x% - 4%
2% +6x +2
+2x> +6x +2
0

Remainder is Zero. Therefore first polynomial is the factor of the second polynomial.
(iii) x* -3x +1 44 341

E3x+ 1| -4+ x+3Ix+ 1| x2-1

- ¥
- x4+ 0 +3x +1
-x* +0 +3x -1
~

Remainder is 2 Therefore first polvnomial is not the factor of the second polvnomuial.
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3.

Obtain all other zeroes of 3x% + 6x° —2xZ — 10x— 5, if two of its zeroes are \E and — \E

E and —\E are the zeros of 3x* +6x°-2x*-10x—5

2 (x e \E) and (x g \E) are the factors of the polynomual.
:(x - \E) (x + \E) = 2 . Dividing the polynomial by x?- —

3T +6x+3=3(x+2x+1)

x2-2 | 3x}+6x3-2x-10x—5 [ 3%+ 6543 | By Factorising (X2 + 2%+ 1)
3x' +0 -5¢ =2 x(x+1D+1(x +1)
+ 6% H3x-10x ={x+1jx+1)
e 10 ~10% Therefore The factors of

3% 10 -5 3x*+6x3-2x7-10x-5 are

+3x* 40 -5 3(1{—‘]%) (x—i—\E){x—l—l){x—l—l}

0

Therefore All the Zeros of the polynomuials are J—Z ..—Jé .-land - 1

4.

n
-

On dividing 3 —3x2 +x+2 by a polynomial g(x), the quotient and remainder were x—2
and —2x + 4, respectively. Find g(x).

Dividend P(x)= X’ - 3x*+ x+ 2:; Divisor g(x) = 2 ;

Quotient q(x) = x—2: Remainder 1(x) = -2x+4

R M

- 3%+ x+ 2=g(x). {x 2) +(-2x+4)

= ex)(x—2)=%- 3%+ x+ 2—(-2x+4) 2gx).x-2)=x-3x> +x +2+2x-4

— 3x2 )
2 gx).x-2)=x-3x> 3x -2 =2gX)= 3xx_+23x 2
X- 2 x3 — 3x%2 + 3x— 2 xX—x+1
X - 2x°
2+ 3x - )= - x+1
-x2 + 2x
+ox - 2
+x - 2
0

Give examples of polynomials p(x), g(x), q(x) and r(x), which satisfy the division algorithm
and (i) degp(x) = degq(x) (ii) deg(x) = degr(x) (iii) degr(x) =10
(i) p(x) = 6x* +2x + 2
gx)=2; qx)=3x"+x+1
1(x)=0 =degp(x) = degq(x) = 2
Verifying Division Algorithm,
g(x) xqx)+rx) =2@x*+x+1)+0
g(x) x q(x) + n(x) =6x"+2x+2=P(x)
= p(x) = g(x) * q(x) +r(x)
~ It 1s satisfying divison algorithm is verified.
47




(i) px)=x*+x
g®)=x: q(x)=xand r(x)=x; degg(x) = deg r(x) = 1

Verifying Division Algorithm,
g(x) x q(x) + r(x) = (x* ) x x + x
g(x) x q(x) +1(x) =X’ +x= p(x) =p(x)=g(x) x q(x) + 1(x)
= It 1s satisfying divison algorithm is verified.
(iii) p(x) = x* + 1
gx)=x": q®)=xand r(x)=1; degr(x) = 0
Verifying Division Algorithm
g(x) X q(x) +1(x) = (x*) xx +1
=g(x) x q(x) +1(x) = X' + 1 =P(x) = p(x) = g(x) x q(x) + 1(x)
= Tt 1s satisfying divison algorithm is verified.

Quadratic Equations

‘When we equate this polynomial to zero, we get a quadratic equation.

Any equation of the form p(x) = 0, where p(x) is a polynomial of degree 2, is
a quadratic equation.

Standard form of quadratic equations:

[ax2+bx+c=0, ]Where a#0

The features of quadratic equations:

» The quadratic equations has one variable

» The hieghest power of the variable is 2

» Standard form of quadratic equation: ax* + bx+ ¢ = 0,

Adfected quadratic equations : In a quadratic equation ax?+bx+c=0, a#0,
b # 0 then it is called adfected quadratic equations.
Then, x2 —3x—5=0, x*2+5x+6=0, x+£=5, (2x—5)2 =81

Pure Quadratic equations : The quadrtic equations where a # 0, b =0 is called pure

quadratic equations.
The standard form of pure quadratic equation: ax? + ¢ = 0 [a # 0]

(1) Let the number of marbles with Jhon be ‘x’

Then the number of marbles with Jivanthi = 45 — x [~Total number of marbles 45]
The mumber of marbles left with John, when he lost 5 marbles = x— 5

The number of marbles left with Jivanti, when she lost 5 marbles =45 -x —5= 40-x

» Their products = 124

(x—5)(40-x)=124

= 40x —x>— 200 +5x =124 = - x> +45x—200 =124

=-x +45x—-324 =0>x"-45x+324 =0

Therefore, the number of marbles John had, satisfies the quadratic equation x* -45x + 324 =0

which is the required representation of the problem mathematically.
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(1) Let the mumber of toys produced on that day be x.

Therefore, the cost of production (in rupees) of each toy that day = 55 — x

So, the total cost of production (in rupees) that day = x (55 — x)

~xXx(55-x) =750

255x —x* =750 =2-x" +55x—750=0 = x -55x + 750=0

~. the number of toys produced that day satisfies the quadratic equation x> - 55x — 750 = 0
which 1s the required representation of the problem mathematically.

Example 2 : Check whether the following are quadratic equations:
() (x—2)2+1=2x-3 (i) x(x+1)+8=(x+2)(x—2)

(i) x2x+3)=x* +1 (iv) x+2)}=x"—4

(i x—2)*)+1=2x-3

x? —4x+4+1=2x-3 = x*—4x—-2x+5+3=0=> x*-6x+8=0
This is in the form of ax? + bx+c=0

Therefore the given equation 1s quadratic equation.

(i) x(x+1)+8=(x+2)(x—-2)
X*+x+8=x*-4=2>x*-x*4+x4+8+4=0=>x+12=0
This is not in the form of ax? +bx+c =0

Therefore the given equation is not a quadratic equation.

(iii) x(2x+3) =x%+1

2x* +3x=x*4+1 =2 2x* —x*+3x—-1=0=x*+3x—1=0
This is in the form of ax? + bx+c=10

Therefore the given equation is quadratic equation.

(iv) x+2)° =x—-4

x*+ 22 4+3(x)(2)2+3x*R2)=x*—-4

xX*+8+12x+6xP=x-4 =2 3x3+6x2+12x+8+4=0

= 6x2+12x+12=0+6 =2 x2+2x+2=0

This is in the form of ax? + bx + ¢ =0

Therefore the given equation is quadratic equation
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Exercise 10.1

1. Check whether the following are quadratic equations :

(i) x+1)Y=2x-3) (i)x*-2x =(-2)3-x) () E-DEE+1)=x-1)(x+3)
(V) E-3)2x+D=xG+5) VM 2x-1)EE-3)=x+5)(x-1) (vi) x*+3x+ 1=(x—2)?
(vii) (x+2)* =2x(x*- 1) (viii) x*-4x* -x+1=(x-2)

) x+1)2=2(x-3)

X +2x+1=2x—6 > x*+2x—2x+14+6=0=>x*+7=0

This is in the form of ax® + bx+ ¢ =0

Therefore the given equation is quadratic equation

(i) x2 - 2x=(-2)(3—x)

X —2x=—6+2x=2>x>—-2x—-2x+6=0=2>x*—-4x+6=0

This is in the form of ax? + bx+c=0

Therefore the given equation is quadratic equation.

i) x—-2)x+1)=xx-1)x+3)

x> +x—2x—2=x*+3x—x—-3=>x*—-x—-2=x*+2x-3

> xf—x*-x-2x-2+4+3=0= -3x+3=0x-1=3x—-1=0

This is not in the form of ax? + bx+ ¢ =0

Therefore the given equation is not a quadratic equation.

(ivy(x—3)(2x+1) =x(x+5)

2x> +x—6x—3=x*+4+5x = 2x* —5x— 3 =x% 4 5x
= 2x2—x*-5x—5x—3=0=>x*-10x—3=0
This is in the form of ax? + bx+ ¢ =0

Therefore the given equation is quadratic equation.

WM 2x-1DE-3)=x+5)x-1)

2x? —6x—x+3=x>—-x+5x—-5=22x* - 7x+3=x*+4x-5
=22x* —x? - 7x—4x+3+5=0= x*-11x+8=10

This is in the form of ax? + bx+c =10

Therefore the given equation is quadratic equation.

(vi) x*+3x+ 1= (x—2)?

X2 +3x+1=x2-2x)2)+22 =2 x> —-x?+3x+4x+1—-4=0
7x—3=0

This is not in the form of ax? +bx+c =10

Therefore the given equation is not a quadratic equation.

(vi)) (x+2)* =2x(x* - 1)

x*+ 23 +3(x)(2)2 +3x2(2) =2x* —2x = x* + 8+ 12x + 6x% = 2x® — 2x
= x3-2x3 +6x2+12x+2x+8=0 = —x* +6x* + 14x+8=0%x -1
> x3-6x2-14x—-8=0

This is not in the formof ax? + bx+c =0

Therefore the given equation is not a quadratic equation.
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(viii) x* —4x? —x+1 = (x — 2)*

X} —4x? —x+1=x>-2%+3(x)(2)* - 3x%(2)

= x?—4x? —x+1=x>-8+12x—6x*

2xd —x* —4x® 4 6 —x—~12x+1+8=0= 2x* —-13x19=0
This is in the form of ax? + bx+c =10

Therefore the given equation is quadratic equation.

2. Represent the following situations in the form of quadratic equations :

(i) The area of a rectangular plot is 528 m2. The length of the plot (in metres) is one more
than twice its breadth. We need to find the length and breadth of the plot.
Let breadthb = xm = Length{ = (2x + 1)m
Areaof therectangle =l x b = 528 = x(2x + 1) =528 =2x? +x
= 2x*+x—528=0
(ii) The product of two consecutive positive integers is 306. We need to find the
integers.
Let two consecutive integers be x and (x + 1): Their products = 306
=>x(x+1)=306=>x24+x—-306=0
(iii)Rohan’s mother is 26 years older than him. The product of their ages (in years) 3
years from now will be 360. We would like to find Rohan’s present age.
Let the present age of Rohan = x ; The present age of his mother = x + 26
After 3 Rohan’sage =x + 3
After 3 years his mothersage =x+ 26+ 3 =x 1 29
Product of their ages after 3 years = 360
s (x+3)(x+29) =360 = x% +29x + 3x + 87 = 360
=x2+32x—273=0

(iv) A train travels a distance of 480 km at a uniform speed. If the speed had been 8
km/h less, then it would have taken 3 hours more to cover the same distance. We need to
find the speed of the train.

Let the speed of the tram = x km/h
480

The time taken to travel 480 km = — hrs
Reducing speed by 8 km/h, the speed of the train = (x — 8)km/h
Therefore the time taken to travel 480 km = ﬂ hrs
= 22 43="25480(x—8)+3x (x-8) = 480x

=480x — 3840 +33::2 -24x=480x=3840+3x2 -24x=0
= 3x2 -24x +3840=0
=x2 -8x+1280=0
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10.3 Solution of a Quadratic Equation by Factorisation
Note: The zeros of the quadratic polynomial ax* + bx + ¢ and the roots of the quadratic

E'{']ll}'lfiﬂll are the same.

Example 3 : Find the roots of the equation 2x2 _5x+3= 0, by factorization.

2x2—5x+3=0
= 2¢t 2% —3% 4 3=0
=22x(x—1)—-3(x—-1) =
= (x—1)(2x—3) =0
=x—-1=0, 2y —3=0
=2x=1 2x=3

3

x=1 x=-
2

First term = 2x%. Lastterm =+3
Their product = +6x2

The middle term = —5x

Divide middle term such that product =
+6x? and their sum

—5x= -5x=-2x-3x

Example 4: Find the roots the equation 6x*—x—2 =10

6x2—x—2=0
6x? —4x+3x—2=0
2x(3x—2)+1(3x—-2)=0
(2x+1)(3x—-2)=10
Zx +1=103x—2 =
2x=—1.3x=2

1 2

V.,
2 3

First term = 6x°. Last term =—2
= -12x2
The muddle term = —x

Divide middle term such that product
= -12x% and sum —x

Their product

5-xXx=-4x +3x

Example 5:Find the roots the equation 3x> — 2/6x+2 =0

3x2-2V6x+2=0

3x2 —\6x—V6x+2=0

(V3)'x2 = VZVBx - VZ3x 4+ (V2) =0
V3x(V3x—v2)=v2(V3x—-+2)=0
(@x—ﬁ)(ﬁx—ﬁ) =0
(V3x—-v2)=0, (V3x—+2)=0

VBx=V2 Vix=viox= [t x= [

First term = 3x2, Last term =42
Their product = 6x?
The middle term = —2v6 x

Divide middle term such that product
= 6x2% and sum — 2\6 x

= —26x =V6x—V61x

Example 6 : Find the dimensions of the prayer hall discussed in Section 10.1.

2x2+x—300=0

2x% —24x +25x—300=0

2x(x —12)+25(x—12) =0
(x —12)(2x + 25) =

x—12 =0, 225 =0

1R B 8 =>x='725=—12.5

Breadth =x =12 m
Length =2x+1=2(12)+1=24+1=25m
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Their produ= —600x?2
The middle term = +x

Divide middle term such that product
= -600x? and sum x

=4+x=—24x + 25x




Exercise 10.2

1. Find the roots of the following quadratic equations by factorisation:
(i x*-3x-10=0 (i) 2x*+x-6=0 (i) VZx2+7x+5V2 =0
@)2x° —x+3z=0 (v) 100x>—20x+1=0
(i) x*-3x—-10=0
x?—5Bx+2x—10=0 =x(x—5)+2(x—5)=0
=2(x-5)(x+2)=0 =2(x—-5)=0,(x+2)=0
=y =5 xr==—2
() Zx*+x—6=0
2x* +x—6=0 =22x*+4x—-3x—6=0
=22x(x+2)—3(x+2)=0 =2x+2)2x—-3)=0
=>x+2=02x—3=0
=x =—2,2x = 3= x:—2,x:§
(i) V222 +7x+5V2 =0
V2x? 4+ 2x +5x +5V2=0
=>vV2x(x +vV2) +5(x +v2) =0 =(¥2x +5)(x ++2) =0

:;vv"ix+5:(}, x—l—ﬁ:ﬂ =>\f§x:-5., x:—\!rf :‘.vx:;—;, xz—v'ri

(iv) 2x%2 —x + i =

16x* —-8x+1=0
=16x° —4x—4x+1=0 =24x(4x—-1)—-1(4x—-1)=0
=(4x—1)4x-1)=0=4x—-1=0,4x—1=0

=4x =1 4x=1= x"—*i‘. X =-

4
(v) 100x* —-20x+1=0
100x* —20x+1=0
=100x? —10x—10x+1=0 =210x(10x— 1) —1(10x—1) =0
=2(10x-1)(10x—1)=0 =210x—-1=0,10x—1=0
=210x=1,10x =1= x :l, x ==
10 10
Solving the quadratic equations using formula:
Find the roots of the quadratic equation ax? + bx + ¢ = 0 by completing the square.
ax’ + bx = —c [ multiply the equation by 4a ]
4a’x* + 4abx = —4ac [Add b? to both the sides]
4a%x? + 4abx + b%* = —4ac + b?

=(2ax)? + 2(2ax)(b) + b? = b? — 4ac = (2ax + b)? = b2 — 4ac
=2ax+b=+VbT —dac = 2ax=—b+VbZ—dac = x = OP s

2a
-b + vbZ=-4ac -b = +vbi=-4ac

Roots are: x = L X=
2a Za
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Example 13 : Find the roots of the following gquadratic equations, if they exist, using the
quadratic formula.(i) 3x>-5x +2=0 (i)x"+4x +5=0 (iii) 2x" — 2y2x+1

(i)3x-5x +2=0 thisisinthe formof ax?4+bx+c=0
a=3 b=-5 c=42

o bZ—4ac
Roots are X = ———
2a
_ ZEDRC5P-a®@) |, 52V
B 2(3) T 6
541 5+1
= = = o

& 4 2
X—==orx== =% x=1 orx=-
- [ k|

(ii) = +4x +5=0 thisisinthe formof ax®+bx+c=0
a=1 b=4 ec=+45
—h+vbI-4ac
Za
_ -—[4}3-':4}1—-4(1}[5} _ =4+16=20

Roots are x =

2(1) % 2

—4++=F - =4+ 2 =T1

=N = X = g =Roots are not Real numbers.

(iii) 2x2 — 24/2x + 1 this is in the formof ax?+bx+c=10
a=2 b==2V2 c=+1

--bi\'bi--iﬂ[‘
roots are, x — —————
2a
—(—22 )J_r\|| (~2y/2)2-4(2)(1)
x_ —
2(2)
2Z+B-8 2240 p VZ 1
oy = = oy — SECS =&x=£=>x=—=&—
4 4 4 z VZ

Example 14:Find the roots of the following equations
@) x+ 2=3,x#0 (i)- +—=3 x#0,x#2

() x+ -=3.x#0
K

x + == 3 — Multiply both sides bu x

x241=3x =2x?2—3x+1=0 thisisinthe formof ax*+bx+c=0
a=1 b=-3, =1

—hibe—Mc
Rootsare, x=————
2a
— (=314 (=33% — #(1)(1) 34494 35 3+45 3-S5
/b o - Sy = oy =2 oy = x =
2(1) z 2 2 2

sl 1 x=2—x
nj- -—=3 = =3
( }.t -2 ®{x=2})

=5 =3 =—2=3x"—6x
3x2 —6x+2 =0 thisisin the formof ax?+bx4+c=0
a=3, b=-—6, c=2

~b+vb2—4ac
Iooisare, XxX=— __

Za
_ ==ty (—6}>-4(3)(2)

2(3)
6+y3I6—24 6+V12 R E] 6+2y3
=y = - S e e
2{34+/3) 3+3 3+V3 33
=% = =y = ; =




Exercise 10.3

1. Find the roots of the following quadratic equations, if they exist, by the method of
completing the square:.
(1) 2x*-Tx+3=0 (i) 2x°+x- 4=00i) 4= +4/3x+3=0 (i) 2x* +x+4=0

H2x2—7x+3=0 2ab = 14x
2x* —T7x=-3x2 2(2x)b = 14x
4x* —14x = —6 oo lx 7
2 2 2 )
4x2—14x+(3) =—6+(%) rAdd (3) to both the sides] x 2
2 : 2 2 b2 = A2
(2x)2 — 2(2x)(2) + G) =—6+= ll (5)
7\% _ —24+49 T
(-3 =228 m(ax-3) =1 %
=2x—;i=i§=:-2x=i§+§ =2y =2 oy =B oy =1
547 —-54+7 12 2
=y = — ¥ = =— ==
4 4
=y —=3. ¥T= %
(ii) 2x* +x- 4=0
2x2 +x=4 % 2 2ab = 2x
4x*+2x =28 2(2x)b = 2x
142 142 142 _ =R
4x* 4 2x + (;) =8+ (;) [Add (E) to both the sides] 4x 2

)

1 1

(2x)* + 2(2x) (E) + (E)Z =8+

L
4
(zx+1)2 =22 o2 +g) =1 |2

= -
/33 33 F3— e
433 ¥33 | 1 +4/33-1 +/33-1
Slxt-=t—lxr=4—4==2x == =y = =
2 - 2 4
33-1 _ —V33-1
4 4

(iii) 4x°+4/3x+3=0

4x2 4+ 443 x = -3
4x% +4V3x + (‘E)Z =—3+ (mz[ﬁdd (v'g)z to both the sides] | 2ab= 4/3x
(2x)2 +2@0)(V3) +(V3) = -3+3 2(2x)b = 4y3x

_ A8
(2x-+¥3)' =0 b=t =45
(2x++v3) =0, (2x++3)=0 b2 =(v3)
2x =—V3, 2x =—3 = ;(_':F:3 ; _‘]n;:%fj
Gv) 3t 1 x4 4=10 - ? .
2x +x=—4 X 2 Zabh = 2x
4x* 4+ 2x = -8 E(ZIEIL}J =121
@07 -2 (2)+ (2) = -8+ () 1add (}) toboth the sides] | & 2

1
(21‘ = 1)2 =—-8+ 1 25(21' _ 1)3 _ ~lz28+1 b? = (E)
n 16 3 16

=>(2x = i) = "i:? =<2 0 There are no roots. The roots are imaginary
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2. Find the roots of the quadratic equations given in Q.1 above by applying the quadratic
formula
(i)2x2 —7x+3 =0this 1sinthe formof ax?+bx+c=0
a=2 b=-7, c=3

—b++Vb¥—4ac

Roots are, x=
Za

(== =23 4 A5
(=7h+ (=7)2=4{21(3) el T++/A5-2%

2(2) 4
725 745
=x = =x =
4 4
7+5 7-5 12 z 1
==, X==— =HEX—=— , X== =K=3 ,x=-=
4 4 4 4 2

2x* 4+ x—4=0thisisinthe formof ax> +bx4+c=0
(fu) a=2, b=1 c=—-4

—hi‘d’bz---ll-at
Roots are, x= T
oo _
-f1 = L i e
_ (1 (1)* -4 (2} -4 e 1+1432 e — 1+4/33
2(2) 2 2

_ —1++33 _ —1—/33
= —_—, W T —
. £ z
(iii) 4x° + 4v3x + 3 = O this is in the formof ax* +bx+c=10
a=4, b=4V3, c=43
—b+vbE—aac

Roots are. x =
2a

~c4ﬁ}i\|'m§umc4}c3)

x:

2(4)
_ —43+/16x3-18 Simes —4+/3++/28-48
B g
—4+/3+0 —4+/3 o E] -3 -3
=y = =y = \X = DAY = —— W=

d 8 ] z 2
(iv) 2x° + x + 4 = 0 this is in the formof ax’+bx+c=0
a=2, h=1, c=4

—b+vVb —1ac
Roots are. X=JT
P r oy 14133 — 14431
1+ (0 -4z 1+1-32 1++=31
2 (J_w{zflzj @@, _ LT, i

There 15 no real root for this equation.

3. Find the roots of the following equations:
{i]x-i—i=3. x#0 {ﬁ}ﬁ—ti?zﬁ, x# —4, 7

i) x—==3, x#0
X — i = 3 Multiply the equation by x

x2—1=3x=2x2—3x—1=0 thisisintheformof ax?+bx+c=0
a=1, b=-3, e¢=-1

-b+vBI—4ac
Roots are, X = —————
2a
o — A - (D)
2(1)
340+ 4 3+413 34413 313
- PRI g e e
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10.5 Nature of Roots

The value of b® - 4ac decides the roots of quadratic equation ax’ +bx+ ¢ = 0 has real
or not, therefore

b* - 4ac is called the discriminant of this quadratic

equation.and denoted by A [delta]

So. the quadratic equation ax”+bx + c=0 has

Discriminant Nature of the roots
A=0 Two equal real roots
A>0 Two distinct real roots
A<O No real roots

Example 16 : Find the discriminant of the quadratic equation 2x2 —4x+ 3 =0, and
hence find the nature of its roots
a=2 b= —4, =3

A=b? — 4ac =A= (—4)? - 4(2)(3)
=A= 16 — 24 =A= —8 < 0 Roots are magmary

Exercise: 104

L Find the nature of the roots of the following quadratic equations. If the real roots exist,
find them:.(i) 2x2-3x+5=0 (ii)3x’-4/3x+4=0 (ii)) 2x'-6x+3=0
(H2x!-3x+5=0
a=72, b=-3, g=5
A= b? —4ac
A=(=3)"—-4(2)(5) =2A4= 9—40
=A = —31 =A < 0 = Roots are imagmary
(i) 3x - 44/3x+4 =10
a=3, b=-4V3, «c=4
A= b? —4ac
A= (—43)2 —4(3)(4) =A= 48— 48
A =0 = Roots are real and equal

=h _ =(=43) =(=4V3) 43 43

2a 23 " 231) T &' s

=hb
The roots are: -

23 23 2 2
=R Ta R
(iii) 2x’-6x+3=0
a=2, b =-85 E=3
A= b®—4ac
A=(—-6)2—4(2)(3) =>A4= 36—24
=A=12 = A >0 = Roots are real and distinct

The roots = -h;:’@ . -b;ﬁ

_ =(=8)+1Z2  —(-6)=1Z  &+/12 612
h 22y " 22y 4 " 4
_ 6423 6=243 _ 3443 3=y3

T4 " 4 2 v 2
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2. Find the values of k for each of the following quadratic equations, so that they have two
equal roots (i) 2x’ +kx+3=0 (i) kx(k-2)+6=0
i 2x’+kx+3=0 a=2, b=k c=73
b?—4ac=10
(k)2 —4(2)(3) =0 =2k?—24=0 =k?=24
k=+V248= V4 x6=+2V6
(ii) kx(x—2)+6=0
kx* —2kx+6=0=a=k b=-2k c=6
b?—4ac=0
=(—2k)* —4(k)(6) = 0 =4k? - 24k =0
=24k(k—6)=0 =24k=0,k—6=10
=k=0 k=6
3. Is it possible to design a rectangular mango grove whose length is twice its breadth,

and the area is 800 m2? If so, find itslength and breadth
The breadth of the mango grove =1 ;The length = 21

The area of the grove = Length x breadth

= (1)(21) = 800 =212 =800 =I[* =" =400 =I = +1400 = +20
& The breadth of the mango grove =1[=20m
+ The breadth of the mango grove =2l =2x20=40m

4. Is the following siru:ttiun_pu;!;ihle'? If so, determine their present ages. The sum of the ages

of two friends is 20 yvears. Four yvears ago, the product of their ages in years was 48.
Let the age of A friend = x Years

The age of B friend = (20 — x) years

The age of friend A before 4 = (x — 4)

The age of B friend before 4 years = (20— x—4) =16 —x

(x —4)(16—x) =48
16x — x> — 64+ 4x = 48
—x2+20x—64—48=10
x*—=20x+112=0
=1, bh=-20, =112
b* — 4ac = (—20)* — 4(1)(112)
=400 —448=—48
The equation has no real roots. Therefore this situation is not possible
5. Isit possible to design a rectangular park of perimeter 80 m and area 400 m2? If so, find
its length and breadth.
Let the length and breadth of the rectangle be | and b; The perimeter = 2({ + b) = 80

f+b=%=4ﬂ =] = 40— b
Area [ X b =400 =1(40 — ) = 400

=400 — 1 = 400 =1* — 40l + 400 =0
a=1, b= —40, c =400

b* — 4aec = (—40)* — 4(1)(400) = 1600 — 1600 = 0

b* — 4ac = 0 Roots are rea and equal

Pt are . e ToaR D) . M. S0 2D
2d  2a 2(1) 2(1) 2 26

Length =20m ; Breadth b=40—1[=40—-20=20m
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11

ITRODUCTION TO

TRIGONOMETRY

Trngonometry 1s the study of relationships between the sides and angles of a triangle.
11.2 Trigonomeitric Ratios:

To know the trigonometric ratio we have to consider right angle triangle.

Opposite side

There are six trigon

Adjecent side

omeitric ratios:

Trigonometric ratios

SinA

CosA

Tan A

CosecA

SecA

CotA

Opposite
Hypotenuse
Adjecent
Hypotenuse
Opposite
Adjecent
Hypotenuse
Opposite
Hypotenuse

Adjecent
Adjecent

Opposite

a2

ol

=

o

=

=

=

=

=

-

B
Opposite side
Triangle 1 Triangle 2

BC AB
AC AC
AB BC
AC AB
BC AB
AB BC
AC AC
BC AB
AC AC
AB BC
AB BC
BC AB

Inverse of trigonomeitric values

SinA

CosA

Tan A
1

CosecA

SecA

CotA

Hypotenuse

Opposite

Hypotenuse

Adjecent
Adjecent
Opposite
Opposite

Hypotenuse

Adjecent

Hypotenuse

Opposite
Adjecent

CosecA

SecA

CotA

SinA

SecA

CotA
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Exercise 11.1
[ for solving problems. the value of constant k 1s taken as 1]
1. Im AABC, righi-angled at B, AB=24 cm, BC=7 cm. Determine
iy sin A, cos A (ii)y sinC.cosC

C
In A ABC, £B=90" .. by Pythagoras theorem.
ACP=AB’+BC'=(24+7* izl
=(576+49) cm® = 625 cm”® = AC =25 - cng, L
(.':}SﬂﬂAzE:l., cosA:E:E _.--"'-..

2 2 f B B 3 o
(H}HHCZEZE: msc:E:E " - s
Table 11.1
ZA 0o 300 | 45% | 60" | 90°
1
ga | o | 2 =] 2]
2 | 2] 7
1 1
Cos 1 E — e 0
Z_v2 L’ £
7]
Tan 0 e 1 ND
73 V3
2
osec ND 2 72 | = 1
Y2 |l 98
2
1 = 2 2 | ND
Sec 7 V2
1
Cot ND 3 1 — 0
o V3 75

Example 6§ : In AABC, right-angled at B,AB=35 A
cm and £ACB = 30° (see Fig. 11.19). Determine the lengths .

of the sides BC and AC. G
o L AT 5 0

Tan30® = BE::} A e = 3\5::1]1 ‘;';iﬂx

T L = 3
5130 —EﬂE—E:&A{:— 10cm B Yie 11,10 C
Example 7 : In APQR, right-angled at Q (seeFig.11.20), P
PQ =3 cmand PR =6 cm. Determine AQPR and 2PRQ. T~

5 3 1 . BCm
SmR.=-=- i

o2 3em '

= £R=30"= £PRQ = 30®

: — gno : =
T-K.QPR.— 60 ” ’ Q Fig 11.20 R
Example 8: If sin f_.—t—Bj=Ennd cos (A+B)= 3 0<A+B=9W ., A=0 find A and B
I_fsin(A—B}=% then siuiﬂ':*:_—i = A-B=30° (1)
fcos (A+B)= %then Cos ﬁﬂn=%=> A+B=60° (2)

(D +(2)=2A=90"= A=45°
From(2) = 45 -B=30"=B=15°
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Exercise 11.2

1. Evaluate the following:
i) sin 60° cos 30° + sin 30° cos 60"  ii) 2tan’45" + cos230° - sin60°
iy cos 457 iv) Sin30" +tan 45° =Cosecss? ) 5Cost 600 +4sect 30%=tan®45"
sec 309+ cosec 300 Sec30?+ cos 6094 cot 457 5in?30%+ cos 2300
i) sin 60° cos 307 + sin 30° cos 60°

-BE+ Q) 3~

ii) 2tan’45° + cos?30" - sin?60”

2 (@ (@)=

i) cos 450
5;::: 3p0 +eosec 3p0
N S N ] V3 VI 2yT=26 _  2./E=2y18

= — = - — —
vi'i+2 1+1;5 VE(24+29T) 2Z+VE 2WZ+2VE T 20I-246 [2@1_(2\@]‘

W
_ 3E=BVT _ 2(WBE=3T) _ 2(WE-3T) _ VE=3WE _ 3I-B
4x2 —4x6 8 =24 -16 - 8
5in30"+1an 45" -Cosecen”

iv)

iv
" 52309 + cos 607 +cot 450
{l}“__i I+ a4 |
—WTETE . T am . o aa = WA
_l'1_+%+1 4+ 1+ 243 4+ 3T 4+ T
¥3 T 23
- :1J§—+x 4= 3T 1243 =16-0F + 12,3
44 WT T 4=33 (4)2= (3v3)
_ 1243 -16-27 +12+/3 _ 2443 -43 _ 43-24.3
16=27 -11 11
5Cos” 60" +4sec? 307 -tan’45"
5in” 30"+ cos *30°
z2 ¥
1 DR 5.1 15+64—12
_5[2] +4{ﬁ} 1 ed-1 &7
= z Boowr ERE T @y TR
@+(z) s
2. Choose the correct option and justify your choice:
7 Ztan 300
i) 7 ol
1+ tan~ 30
A) sin 60° B) cos 60°  C) tan 60° D) sin 30°
ol W
. | ST e, S, .
= 12 141 8T 2
1+ {ﬁ} 3 3
Ans: A) sin 60°
ii) 1=tan® 45°
1 + tan® 450
A)tan90® B) 1 Osind4s® D) 0
1-1 0
=—=10
1+1 2
Ans:D) 0

iii) sin 2A =2 sin A is true when A =
A) 0 B) 30 Q) 45 Dy 60
sm2x0=2s5m0 =sm0=2sm0 =0=0

Ans:A) 0
) 2tan 30
1= tan® 309
A)cos60° B)sm60° C)tan60° D) s 30°
al o ox
] — 3 =1'—"i=—=n\‘||'§
] 1 F
@) i o8
Ans: C) tan 60°
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3. Iftan(A+B)= 3 and tan(A-B)= % 0<A+B<90;:A>B find AandB
tan (A +B)= 3 = A+B=60" (1)

::Lnl[a-]a.}:ii = A-B=30" 2)
W
(2)=(1)=2B =30°=2B=15" =(1)oog A=60—15=45°
4. State whether the following are true or false. Justify your answer.

i)sin(A+B)=sin A+sinB

Let A=30"and B=90°

sin (30° + 60%) = sin 90° =1 = sin 30° + sin 60° =%+§= L
~sm(A+B)#smA+smB

& The statement 1s false

ii} The value of sin B increases as 0 increases

sin 0%=0_sin90°=1

. The statement 15 true

iii)The value of cos 0 increases as 0 increases.
Cos0°=1_Cos90°=0

Here. we observe that as 8 increases the value of cos 6 dicreases
+ The statement 15 false

iv)sinf = cosO for all values of O

f 1 V3
51113[!“=E : COS 3{1'3:?

= gin f = cos 0 for all values of O
2 The statement 15 false

v) cot A is not defined for A =0°
The statement 1s true

11.4 Trigonometric Ratios of Complementary Angles

Two angles are given and if their sum is equal to 90° then angles are called
complementary Angles

Trigonometric | Trigonometric ratios of

ratios complementary angles

SinA < Cos(90-A)

a
CosA b Sin(90-A) ,/

a / 90-A
TanA c Cot(90-A) a /,/’

b e ¢
CosecA a Sec(90-A) e

c d

alA 9

SecA a Cosec(90-A) b

b
CotA b Tan(90-A)

c

tan 65"

Example 9 : Evaluate —__ -
tan 657 _ tan (a0=25)" N cot25? _ 1

cot250 cor25d cot25%

Example 10 : If sin 3A = cos (A — 26), where 3A is an acute angle, find the value
Gren s 3A = cos (A - 26)

=Cos(90-3A) = cos(A-26") =90-3A = A-26"

=90 +26=A+3A=116=4A =A=29"

Example 11 : Express cot 85° + cos 75° in ferms of frigonomeiric ratios of angles

between 0° and 45°
cot 85% = Cot(90-5%) = tan5"
Cos75% = Cos(90 -15%) = Sm15"
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Exercise 11.3

sin18" s5inZ&
Evaluate: i ii iii) cos48? — sin42°? vi) cosec31? — sec59?
) oosT20 ) cos64® ) )
i) sin18"?
cos 72l
sin18? sin(30=72") rcos720
T T i 1
cosy2 cosy2 cos7T2
sinZ6"
cos64t
sin2g” _ sin(90=84")  cose4? 1

cos649 cose4l  cosedd
iii) cos487 — sin42°
cos48? — 5in(90-48"%) = cos48” — cos48” =0

vi) cosec3l?— sec50°

cosec31” — sec59” = cosec31? — sec( 90 - 31%) = cosec31” — cosec31?=0

Show that i) tan48tan23®tand2®tan67°=1 i) cos38” cos52° — sin38="5in52" =0
tan48" tan23® tan42% tan67" =1

LHS = tan48° tan?3° tan(90-48") tan(90-23%

= tan48% tan23% cot 48%cot 23° = +tan48%x tan230x — :

—=
tan48”  tanz3®

ii) c0s38? cos52" — sin38” sin52° =0
LHS = cos38 cos52% — 5in38° sin52°
= c0538% cos52% — sin(90 - 529 sin(90-38)° = cos38° cos52%— cos52° cos3g?

= c0s38% cos52° — cos52 cos38” = 0 RHS

If tan 2A = cot (A -180) and 2A is an acute angle find the value of A

tan 2A = cot (A - 18%)

= cot(90-2A) = cot(A-187) = 90% 2A = A 18% =3A=1080 =A =360

. Iftan A = cot B, Prove that A + B =90
LHS =tan A=cotB

= cot(90-A)=cotB =290-A=B=A+B=90"

If sec 4A = cosec (A - 20") and 4A is an acute angle find the value of A

sec 4A = cosec (A - 20%)

=cosec(90 — 4A) = cosec(A —20%) =90-4A=A-20° =25A =110 =A=22"

(B+C) A
o

L ¥

If A, B and C are the interior angles of AABC then show that sin

Let A B and C are the interior angles of AABC
=A+B+C=180"=2B+C=180-A

BE+C _ 180=A B+C A
i o ST _gn %
2 2 2
=sin (E:c) = sim (9{]— %) =sin {B;E} ZCGE%
Express Sin67° + cos75" in terms of the trigonometric ratios in between 0° and 45

Sm67° + cos75°
= 5in(90-23%) + co0s(90-15%) =cos 23" + sin15"

i
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11.5 3gnremind N TR TOLND

For curiosity

¥ou may recall that an equation is called an identity w
involved. Similarly, an equation involving trigonor
trigonometric identity, ifit is true for all values of th

Sin*A + cos*A =1
tan® + 1 = seccA
1 + cot*A = cosec A

sinA
Note:
Ccosf

cosA
= cotA

= tanA

sinA

Example 12 : Express the ratios cos A, tan A and sec A in terms of sin A.
cosTA+simrA=1 = cosA=1-smrA

cos A= 1 — sin2A

sind sind 1 1
s tand = = =ssecA = =
cosA v1=sinZA CosA Vi=sinZA

Example 13 : Prove that sec A (1 — sin A){sec A + tan A) = 1.

LHS =sec A (1 - sin A)(sec A + tan A)

_ 1 - 1 sind _ fi=sinAY (i+sinAy _ 1=sin®A _ cosA _
a0 Y iVt ) N comtd) K)o ot

COsA cosh cosA costa cosA
colA—cosA _ cosecA-1

cot A+ cos A " tosec A+ 1

Example 14: Prove that

A 1 1
cot A — cos A Sina _ Cos A E'“"‘(m' 1} Sinn cosec A — 1
= cosA = 1 e 1 =
y o o ey e cosec A+ 1
cot A+ cosA sina."'ms‘u* EDSA[SIM-'.I:] T Fi
: A s5inB=cos @ + 1 1 . - a
gummemce 15:Prove that — = using the identity sec’0 =1+ tan’ 0
s5ind +cos B =1 seC B=tan 8 -
sin®  cosh i

sinB=cos8+1 - + __ tanB =1 +sech

— gln cos H 1

sinB+cosB—1 " tan@+ 1=-sech

tosB Tcosd o=@
_ (tand + secl)=1 tant=sect _ (tan® + sec#)(tand = sect)=(tan8 = secd)

- {tanf= secd) +1 x tanf—- sech (tanB= secd +1) (tand = secd)
_ (tan®P=sectf)=(tanf —sech) =l=tanb+ sect)
(tanfB= secB 4+1) (tand = sech) {tanf=secl +1) (tand = sech)
oo . 1
{tanf = secH) seH= tanf

Exercise 114

1. Express the trigonometric ratios sinA, secA =°= tanA in terms of cotA
cosec A -cottA=1

2 3 +1
= coseccA=1+cotA=

1 - . 1 5
— =]t cot'A =SEsmrA=—F— =snA=——m—
sintA 1+ cot?a ¥+ cotZA

- 1 5 i 5 i 5 1+ cot® A=1
smA=———— =2]-cos A=————=cos A=1—-—— Scos A=— "
14 cot2A 1+ cotfA 1+ cotZA 14 cot?A
1 cotfA 1 1+ cottA +v 1+ cotA i
T =———secA=——— S secA==———— S tanA=
sectd 1+ cotfA cotfa cota cot A
Write all the trigonometric ratios £ZA m terms of sec A
1 1
seCA=——=poos A=——
cos A sec A

cosA+smrA=1= smA=1-cos’A = sirfA=1-

!‘\J

1

secia

. sectA—1 y + 2a—1
seciA secA
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- 1 1 +secd
smA= =cosec A=—— S oosec A-——
A W seciA=1

cosec A sin

sectA -tanfA =1 = tan"A =seccA + 1

= tanA = [secZA + 1
1

IsecZa+ 1

i) sin 25° cos 65° + cos 25° sin 65°

taﬂA=; = cntA=; = ot A=
cot A tan A

3. Evaluate:
sin® 637 4 sin? 279
cos 17" & cost 73l
v sin®630 4 gin® 279
1 cos<17% + cog?730
_ sin®(90-27") +sin® 27" _ cos®27% +sin®27° 1 .
- cos® (90=73%) + cos®73" T sin®73% 4 cos?73® 1

ii) sin 25° cos 65 + cos 257 sin 65°

sin 25° cos 65° + cos 257 sm 65°

= sin(90°-257) cos 65° + cos(90°-65°) sm 65°

=c0s 65° cos 65° + sm 635° sin 65° = cos765°+ sn'65°=1
Choose the correct option and justifyvyour choice

i) OseclA -0 tan?A

A) 1 B 9 © 8 D 0

9 sec’A - 9 tam'A

=9 (sec’A - tam"A)

=9x1=9 [+sect A-tan® A=1]

Ans: B) o

i) (1 + tan 0 + sec 0 ) (1 + cot O - cosec ) =

A) ] B) 1 C) 2 D) -1

(1 +tan 0+ sec 8) (1 + cot 0 - cosec 0)
:(1 " gsind " 1 (1 +cnsﬂ- i 1 )

cos B cos @ sin B s5in @
__ cos B+sin 841 4 5in B4 cos =1

cos @ sin @
_(cosBesinB)* =1 cos *0+4sin®0+ ZeosBsinB-1 _ 1+ 2eosBsinB-1 _ 2eosOsin®
"~ cosBsin® =T cos B.sin 8 " cosBsin® " cosB.sind
Ans ) 2

iii) (secA + tanA) (1 -sinA) =

A) secA B)  sinA ) cosecA D) cosA
[secA + tanA)(]1 - sinA)

(secA + tand) (1 - smA)

_ ( 1 sin ﬂ){l ) Slﬂ.‘-"i.] _ ( 1+s5in H) {1 B Ek:llgi's.j N 1=sind A . coslA — o A
cos B cos B cos @ cos A cos A

Ans: D) cosA

- 1+ tanZA -

) 1+cot?A

A} sectA B) -1 C) cof!A D) tan’A

1+ tan®A

1+ Eutl.ﬁ.l

_ M rotlA+ 1 1 - e a

T hcaltA oAk 1irotA A R

Ans: ) tan’ A
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5. Prove the following identities, where the angles involved are acute angles for which the

expressions are defined.
1= cos8

i) (cosec @ -cot@)-= 1+ cos6

LHS. = (cosec 0 -cot 0F
_ 2 1 _ 1 cos?@  Zcosh
= (cosec™d + cot™0 - 2cosec O cot ) = (sinzﬂ v o sinzﬂ)

5 (1+|:l:.|5 19—2:559) (1=cosd)® _ l=cosf RHS

l=cos?8 B (14 cosBi(i=cos8) T 14 cosh
- cosA 1+5ind
ii) —— +———=2secA
14+ sinA cosd
CoOsA 1+5inA
LHS. = ——+
1+ sinA cosA

_ costA+(1+45inA)? _ costA+1+sinA+2sina

{1+ sinA)cosA {1+ sinA)cosA

1+1 +25ind 2 +25inA Z(1+5inA) Z
= = ; =i = =2sec A=RHS.
{1+ sinA)cosA {1+ sindA)cosA {1+ sinA)cosA COsA

Lanf el B
fiffj————+———=14+sec B.cos 0
1= cotd 1 =tamB

[Hint - Write the expression in terms of sin and cos |

tanf _ cotd
LHS. = 1=eotd 1-tanf

sin@ cos B sin @ cos 8
—_—cogB . _sin® —___ cozd . gin®
1 cos B gin @ gimf—cosB casB—gin @

sin B cos @ =in g cosd

sin <@ cos® @
cos B(sind —cos@)  sin8icosB-sin 8)

sin 2@ cons® B

" cos Bsin 8 = cos @) " sin Bsin B= cos @)

i i [5in?@ _ cu-szi:l]
(sinf =cos @) Lcos® sin @

1 [sin?® H—cus’ﬂ]

- (sinB =cosB) L cosB.sind

1 [(sin@ -cnsﬂ')(sin29+cnszﬂ+sl.nﬂcnsﬂl] = [{sinzﬂ+cuszﬂ+sinﬂcnsﬂ]

== (sinB=cos8) L cos Busin @ cos Bsin 8

- [“"““‘““] . [ e, 1] — 1 +sec  cosec 0= RHS,

cos Bsin @ cos B.sin 8

l+secA sin®A

iv) = 2secA
secA 1-cosA
[Hint: simplify LHS and RHS separately]
A i3 1 COSA+ 1
_ AtsecA  “Troza — _COsA
LHS = TS .1,1 = .,A
o cosA+ ]‘_ CosA ey
cosA 1
RHS. = sin”A — [1+ cosAl1-cosA) IS ER |
7T 1-cosA 1=-cosA
LHS =RHS.
A=gsimA+1 i 5 .
v) Prove that ———""2" " — cgsec A + cot A using the identity cosec’A =1+ cot’A
cosA+sinA=-1 ¥
LHS = cos A-sinA + 1

cos A+ 5in A-1
cosA-sinA +1

SinA _ ot A-1+cosecA Divi L “+
= vide both denommator and mumerator by sin A
—mg""';:;"‘q"l cotA + 1 -cosecA I ¥ ]
-1

cot A - cosec® A+cot®A + cosecA . - -
= (using cosec-A - cot-A=1)
cotA + 1 - cosecA
cot A+cosecA —[{cosec”A=cot®A) _ (cot A+cosecA)(1 —cosecA=cotd)

coth + 1 -cosecA 1-cosecA+cotA
cot A+tcosec A=RHS.
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2 11+ sind
Vi) [/ =secA+ttan A
Y 1=5ind

1+5inAx1+sinA {1 + sin A)Z
1-sinA 14sinA 1=35in% A

{1+ sinA)? 1+ sinA 1 sim A ,
= = = + =secA + tanA=RHS
cos< A cos A cos A cos A

sind=2sin’ B

vii) Zeost@-cosh fan @
inf=2sin®@
R 5 e e i
2eos3f=cost

sinB{1 =2sin®@) _ sinf[1 =2{1=-cos"8]]

i cos8({ZcosTe=-1}) N cosB(2cos?E=1)
_ %inB[1 =-242cos%8] _ sinB[2cos®@ -1] _ sinf _ g
- cosB(2costB=1) i cosf{Zeosf=1] T cosB tan f = R.ILS.

viii) (sin A + cosec A) + (cos A +sec A =T +tan’ A+ cot’ A
LHS. =(smm A + cosec A)* +(cos A + sec A)’

=sirA + cosec’A + 2 sin A cosec A +co5°A +sec’A +2 cos Asec A
= (sin’A + cos"A) + 2 smﬂ.(ﬁ)— 2 cos A(ﬁ) +1+tan’A + 1 +cot’A
=1+24+2+2+ta’ A+cotfA =THan’AtcofA=RHS.

] : N 1

ix) (cosec A - sin A)(sec A - cos A)= ey

[Hint: simplify LHS and RHS separately]

LHS. = (cosec A —sin A)(sec A —cos A)

e L = A

= 5111:‘-'1)( i cusﬂ)

2 z
_(EDS A )(sm A) -

s5inA CosA
1
RHS5. = tamA+ cotd | sinfA+cosia
cod Agin A
= + = cos A.sin A
cos Asin A
LHS =FHS.
1+tanA _ f1-tana2 . 5
v (1 ey et
¥
LHE = l+tanzA
1+cot=A
_ 1+tan®A _ 1+tan®A 14tam®A 4
T et T anfAs1l T i+ tanZA = tan"A
tanZp tantA tanZa
2
(1-;“ A)z _[1=tana
1= cotA 1= —
2 2
- () - (2 - Cctan) =
LA tard
Summery:
1. Inrmight angle triangle ABC. B =90°
Opposite side
SinA
Hypotenuse
Adjacent side
CosA e TE——
Hypotenuse
Opposite side
Tan Adjacent
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1 Hypotenuse CosecA

SinA oppsite side
1 ' Hypotenuse SecA

CosA Adjacent side
1 Adjacent side CotA

TanA Opposite side

3. Ifone ofthe tigonometric ratios of an acute angle 15 known, the remainmg trigonometric
ratios of the angle can be easily determined.

4. The value of sm A or cos A never exceeds 1, whereas the value of sec A or cosec A 1s always
greater than or equalto 1.

5. sm(90°—A)=cosA cos (90°—A)=smA;
tan (90° —A)=cot A cot (90°-A)=tan A_s
ec (90° — A) =cosec A, cosec (907 —A)=sec A

6. sec” A-tan” A=10°<A <90°

cosecc A=1+cot A, 0°=A<90°

. 2
sin™ A+cosc A=1,

I 12 ‘ Some Applications of Trigonometry

Exercise 12.1

A circus artist is climbing a 20 m

long rope, which is tichtly stretched ‘ {:,
4

and tied from the top of a vertical : e

pole to the ground. Find the height
of the pole, if the angle made by the
rope with the ground level is 30° (see

Fig. 9.11). |

Height of the pole BC {
Loy B 1 B0 o

Sm30 =T e 2ﬂ::oB«(: 10m

- Height BC = 10m

2. A tree breaks due to storm and the broken part bends so that the top of the tree touches
the ground making an angle 30° with it. The distance between the foot of the tree to the
point where the top touches the ground is 8 m. Find the height of the tree.

Let BC 15 the broken part of the tree

o Total height of the tree = AB+BC

AC
cos 30 =—
BC
v 8 . 1&
—= —= =—
2 BC BC V3
o AB
tan 30 Al
1 _AB_, =B
NED a VI
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3. A contractor plans to install two slides for the children to playin a park. For the children
below the age of 5 years, she prefers to have a slide whose top is at a height of 1.5 m, and is
inclined at an angle of 30° to the ground, whereas for elder children, she wants to have a
steep slide at a height of 3m, and inclined at an angle of 60° to the ground. What should
be the length of the slide in each case?

A

Let the length of the side making inclination 60° = AC and
Length of the slide making mclination 30°= PR

According to question,
In right angle triangle AABC,
1

in3ge=Fe ,1_15 =
5!]13'[!”—PR=$2 e = PR =3m

In night angle tnangle APQR.
. —AB  ¥3_3 .
smﬁ{}"—ﬂc T ﬁAC—ﬁm—Eﬁm
+ Length of the slides 3mand 2vV3m.
4. The angle of elevation of the top of a tower from a point on the ground, which is 30 m
away from the foot of the tower, is 30°. Find the height of the tower

Let height of the tower = AB A

Distance from the foot of the tower to the point ﬂ

BC =30m f
In night angle triangle AABC _ i
:

_.-! B z

ml

5. Akiteis flyvingat a height of 60 m above
the ground. The string attached to the
kite is temporarily tied to a point on the
ground. The inclination of the string
with the ground is 60°. Find the length
of the string, assuming that there is no
slack in the string.

Height of the kate BC = 60m
Length of the tread = AB.
In night angle tnangle AABC .

) a_ BC u‘ri_ﬂ]

=y T —

S]ﬂﬁo AB 2 AB
120

=AB= E = 40'\(!5111
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13 Statistics

13.2 Mean of Grouped data
L
Example 1 : The marks obtained by 30 students of Class X of a certain school in a
Mathematics paper consisting of 100 marks are presented in table below. Find the mean
of the marks obtained by the students

Average X = [i=1tom]

x ¥y X; fi x;fi
10 1 10 1 10
70 I 70 T 70
" ; 36 3 108
70 3 160
40 4 50 3 150 Average % = L fixi
50 3 56 ; 12 Lfi
1779 £g9c3
56 2 = 60 4 230 | 5, = 27
=D 1 70 3 280
70 7} 72 I 72
73 I 50 T 80
30 I g8 2 176
8 3 ) 3 276
92 3 95 L )
95 1 Yfi=30| Xxifi=1779
Direct Method to find average:
No.of Class Mid-pomt
CcL . -
students Interval (f) (x;) fixi
1035 3 10-25 ) 17.5 35.0
75-40 3 325 975
25-40 3 10-55 7 i7s 3325
40-55 - 5570 6 62.5 375.0
= i R ——
70-83 6 ~ i :
85100 6 Lfi=30 2 fix; = 1860
= 1860
Average ¥ = Lfpq _ 1860 62
Er 30
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Assumed Mean Method:
di= x; — a[ Here, a=475 ]

Class Mid-pomt
. di= x; — 475 '
Interval (fi) (x;) e~ fid;
1025 2 17.5 =30 —60
25-40 3 325 -15 —45
40-55 T 475 5] i]
55-T0 ] 62.5 L5 o0
T0-85 ] 775 3 182
85-100 ] 025 45 270
fi=130 ¥ fid; = 435
i ¥ fudy 435 -
—3+ == _ —_— = = 62
Average X 7 415+ o =45 + W5 =62

Exercise — 13.1
1. A survey was conducted by a group of students as a part of their environment awareness
programme, in which they collected the following data regarding the number of plantsin 20
houses in a locality. Find the mean number of plants per house
Which method did you use for finding the mean, and why?

i C.L fi X i u ai fix; | fidi fiug

No.of | Noof ¥ —7 *

Plants | Houses 0-2 1 1 -6 -3 1 6 | —3
0-2 I 73 3 3 4 =) 6 o 3
7= 7 i-6 I 5 =3 = 5 = =l
a6 I 58 5 7 0 0 3 i
0-8 5 510 5 g 2 T 54 2
E-10 o 10-12 2 11 1 2 22 5| 4

10-12 2 12-14 3 3 & 3 EL) G| 9
ol - ¥ fi =20 0 By [ 221 1

From the abovetable ¥ f; = 35 ¥ fix; =162, Y f;d; = 20. ¥ fiu; = 11
Lhx 1620 8.1

Average from Direct Method ¥ =

P TR
Average from assumed Mean Method ¥ =a+ E;—;d‘ = T+ %—?—1 1=81
[
Average from step deviation method ¥ = a+ 1'1‘;—;“‘:{]1= T+ %x1= 7+ 11=81
L

[You can use any method. Because of simple tabulation we can use direct method here]

2. Consider the following distribution of daily wages of 50 workers of a factory. Find the
mean daily wages of the workers of the factory by using an appropriate method
a=755h=3

Dailv MNo.of i; = x=150
. i CL |fi]| x —150 | ¥ "0 fix; | fid; | fiu;
wages | workers x;

(Rs) 100-120 | 12 | 110 —40 -2 1320 =480 | =24
100120 12 120-140 | 14 | 130 -20 -1 1820 | 280 —14
120-140 14 140-160 | & | 150 0 0 1200 [i] 0
140160 2 le0-130 | & | 170 20 1 1020 120 ]
Llo0-180 [i] 150200 | 10 | 190 40 2 1900 400 20
150200 10 50 T260 | =240 | -12
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From the above table ¥ f; = 50. X fix; = 7260. X fid; = -240, X fiu; = -12

Average from Direct Method ¥ = Ezf;xl = % = 145.2
i
Average from assumed Mean Method ¥ =a + % = 150+ %= 150-48=1452
Average from step deviation method ¥=a +E'E‘F—J‘fu*x h =150+ _5—:2 x20=150 — 48 =1452
[

[Can use any method But Assumed mean method is more suitable here]

3. The following distribution shows the daily pocket allowance of children of a locality. The
mean pocket allowance is * 18. Find the missing frequency f

Da.l].}" Pocket 11-13 13-15 15-17 17-19 19-21 21-23 23-25
allowences(Rs)
No.of Children T & 9 = f 3 4
a=18_h=2
" T T T T i':IB' T T T o
C.L [ X, |h=%-18 |u="— fix; fid; fiu;
H-13 7 12 —b -3 84 —42 !
B-15 | [ T & | i : -2 [ 84 | 24| -1Z2|
5-17 | 9 [ 16 | =7 ' = [ 143 | —I8 | -0 |
17-19 | 13 [ 18 1] 1] I 234 ' 0| 0|
9-21 | i [ 20 2 1 [ 20f | 2F | £ |
2I-23 | 5 1T 22 4 2 oo | 20 | 10|
[23=25 | 1 [ 24 6 3 [ 96 | 24 | 7]
' [ =aae T | ' ' | 752+20f —4u+zf; -20+ f |

From the above table ¥ f; =44+ £ ¥ fix; = 752+ 20£ ¥ fidy= 40 +2£ ¥ fiu; =20 + f

Average from Direct Method ¥ = %
'S
8= —?5:4:? = 18(44+ f)= 752 + 20f
=792 + 18f = 752 + 20f =40=2f=f=20
Average from assumed Mean Method ¥ =a + EEI' }df
i

—40+2f
444 f

I8 = 18+

=0=(—404+2f) =22{=40=2£f=20

Average from step deviation method ¥ = a+ Ei'r—m‘[:!th

b
=18 =18 + = 520 = —20+ f=0=f=20
44+ |
[Wecan use any method here]

4. Thirty women were examined in a hospital by a doctor and the number of heartbeats per

minuie were recorded and summarised as follows. Find the mean heartbeats per minute
for these women, choosing a suitable method
No.of Heart 65-68 | 68-71 | 71-74 | 74-77 | 77-s0 | 80-83 | 83-86
beats/Mmute
No_.of women 2 4 3 g 7 4 .
a=755 h=3
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. =755
CL fi X = K= TS | i fid; fiu;
65—068 2 06.5 -9 -3 -8 -0
6871 4 69.5 —& =2 -24 —3
T1-74 3 725 -3 -1 -a -3
T4-T77 8 T5.5 0 1] 0 1]
TT-80 7 8.3 3 1 21 7
B0-83 4 BLS ] r 24 g
E3-Eb = B4.5 ] 3 18 []
Ef‘ 30 12 4
From the abovetable ¥ fi = 30. Y, fid; = 12. ¥ fiu; = 4
- - 12 . -
Average from assumed Mean Method ¥ = a + % = V55+ 5=755+04=759
I
5 5 = 4 i =
Average from step deviation method ¥ = a + %xh =755 +' - X3= 755+ 04 =759
i

[Direct method 15 not suitable here]
5. In aretail market, fruit vendors were selling mangoes kept in packing boxes. These boxes
contained varving number of mangoes. The following was the distribution of mangoes

according fo the number of boxes.
Mo of Mangoes 50-52 53-55 5658 58—h1 62-64

MNo.of boxes 15 10 135 s 25

Find the mean number of mangoes kept in a packing box. Which method of finding the mean did
vou choose?

=57.h=3
. x(=755
ClI. fi x; d; = ;=150 | y;= !T fid; fiu;
50-52 15 5l —& -2 —a0 =30
5355 iy 57 =3 as | —330 110
56-58 135 57 0 0 0 0
59-61 115 60 3 1 345 s
6264 25 63 B 2 150 50
S F, —400 75 75
= d
Average from assumed Mean Method ¥ =a + }‘;L—:rx‘
L
- 75 -
=R e 357T+0.1875=57.1875 = 57.19
Average from step deviation method ¥ = a+ Lf—}“'x h
|

25

=57 + o 83=57 +0.1875=57.1875= 57.19

Here, Assumed mean method 15 more suitable

6. The table below shows the daily expenditure on food of 25 households in a locality
Daily expenditure(Rs) | 100-150 | 150-200 | 200-350 | 250-300 300—350

MNo.of households 4 5 12 ) 2

Find the mean daily expenditure on food by a suitable method.
a=225 _h=50
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CL f; X, |di=m-150 w222 | fd, fou,
100-150 4 125 -100 -2 —400 -8
150200 5 175 =50 -1 =250 -5
200-250 12 225 0 1] 1]

250-300 Z 275 50 1 100 2
300-350 2 325 100 2 200 4
E f{ =75 —350 -7
Average from assumed Mean Method ¥ =a + %
=225+ 20 =935 _14=211
25
Average from step deviation method ¥ = a + EE‘F—;” xh

=225 + 22 x50= 225 - 14=211
For this problem step deviation method 1s more suitable
To find out the concentration of 50: in the air (in parts per million. i.e., ppm). the data

was collected for 30 localities in a certain city and is presented below
Find the mean concentration of SO; in the air

C.L fi X fix;

Concentration | Freequency 0.00 — 0.04 4 0.02 0.08
of SO : 004 — 0.08 9 0.06 0.54
E‘Ei - zﬂ: . e 5 010 .90
[Z;II}E = G. = . 017 — 016 ] 014 028
512 - n-m 5 o6 — 0.20 ) 0.18 0.72
0.15 - a;zu 4 0.20 — 0.24 2 0.22 0.44
020 034 2 Lfi =30 i

Average from Direct Method ¥ = £fity . 28 0.099ppm

L 30
The mean concentration of 50, in the air = 0.099ppm

8. A class teacher has the following absentee record of 40 sindents of a class for the whole
term. Find the mean number of days a student was absent

No.of days No.of students C.L fi Xj fix;
0-b 11 3 33
0-6 11
=" m 6-10 10 3 80
a 10-14 7 12 i
10-14 7 14-20 3 7 68
13-70 4 20-28 1 24 96
J0-28 1 25-38 3 33 99
28-38 3 3540 I 39 30
35-40 1 ¥ £, =40 100

From the above table ¥ f; = 40, ¥, fi x; = 499,
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9. The following table gives the literaq;}' rate (in percentage) of 35 cities. Find the mean
literacy rate.

Literacy | No.of C.L [i % | Fox | &=x—T70 | Fd

rate( %) | cities 4734 3|50 ] 150 —20 —60
e 7 55-65 10 |60 600 ~10 100
e o 6575 I 70| 770 0 ]
B5—75 10 T5-85 8 30 640 10 80
7585 T 85-035 3 90 | 270 20 60
85-95 ] Y f =35 2420 0 —0

From the above table ¥ f; = 35. ¥ f; x; = 2430.

Average from Direct Method % = Ezf}x; = % = 69.43
i
Average from Assumed mean method ¥ =a + % =70 + % = 60.43
i

13.3 Mode of Grouped Data
A mode is that value among the observations which occurs most often, that is, the value of
the observation having the maximum frequency
Example: 4 The wickets taken by a bowler in 10 cricket matches are as follows:
2 & 4 5 ] 2 1 3 2 3
Find the mode of the data
No.of wickets 0 1 2 3 = 5 ]

MNo.of matches 1 1 3 2 1 l

Clearly, 2 1s the mimber of wickets taken by the bowler in the maximum mumber (1e., 3) of
matches. So, the mode of this data 15 2

Mode - r+[2th.f2]x I

L = lower limit of the modal class

I = size of the class interval (assuming all class sizes to be equal),
f1 = frequency of the modal class,

fo = frequency of the class preceding the modal cass,

f2 = frequency of the class succeeding the modal class

Example 5 : A survey conducted on 20 households in a locality by a group of students
resulted in the following frequency table for the number of family members in a household

Family size 1-3 i-5 5-7 T7-9 9-11
Mo of families 7 8 2 ) 1

Find the mode of this data

Here the maxinmum class frequency is 8, and the class correspondng to this frequency1s 3 - 5.
S0, the modal class 153 — 3

modal class =3 — 5, lower limit (1) of modal class = 3. class size (h) =2

frequency ( fj ) of the modal class = 8.

frequency ( fp ) of class preceding the modal class f,=7

frequency ( f7 ) of class succeedng the modal class fi=2

MNow substitute the 1;:!411.115:3 1n the formula:

Mode = I+L ]xf: 2 [Z{EH 2]::2

“ 3+—]x2 N 3.—— - 3.286
1&=19 7

& Therefore, the mode of the data above is 3.286.
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Example 6 : The marks distribution of 30 students in a mathematics examination are
given in Table 13.3 of Example 1. Find the mode of this data. Also compare and interpret
the mode and the mean.

Class Intervals 10-25 2540 40-55 | 55-70 | T0-85 | B5-100

No.of students 2 3 7 o 6 6

Refer the table 13 3 of example . Maximum students are in the class interval 40-45_ 1t 15 the
modal class,
& =40, h=15, ﬁ=? fo=3. =6

Mode - :+[z ]x}r
Mode = 40

]xl:r = 4:}+[ - g]xlﬁ

{ 2(7)=3=&
" 4ﬂ+§x15 = 404 12
+ The mode of the given data 1s 52

Exercise 13.2

1. The following table shows the ages of the patients admitted in a hospital during a yvear:
Age(in years) 5-15 |15-25 35-35 |[35-45 |45-55 |55-65

No.of patients 6 1 2] 23 4 5

Find the mode and the mean of the data given above. Compare and interpret the two
measures of central tendency.

Maximum mimber of patients =23
Therefore 35-45 1s the modal class interval
s 1=35 h=10, i=23, fp=21. =14

Mode = H_Ilh rﬂ” h]xfr

Mode = 35 [LKHJ: 35-—.[ ]xln=35:—'1xlﬂ=35ﬂ_31
2(23)=21=14 46-135 11

» The mode of the above data 15 36 81

(a=30.h=10)
C.L f[ X; lil1': =X~ 70 u;= % ffui
515 &) 10 =20 -2 =12
15-25 11 20 -10 -1 =11
2515 21 30 [i] [i] [1]
35-45 3 40 10 1 23
45-55 14 50 20 ] 28
55—-65 5 60 30 3 15

3 fi 0 3

By step deviationmethod ¥ = a + l‘;‘"'xh =30+ B—x 10=30+ 5375 = 35375
fi

So. we conclude that maxmmum number of patients admitted m the hospital are of the age 36 81
years(Approx) whereas the average age of the patient admitted m the hospital 15 35.375years
2. The following data gives the information on the observed lifetimes (in hours) of 225
electrical components
Life time(in hours) 0-20 |[20-40 40-60 | 60-50 | 80-100 | 100-120
Freequency 10 35 53 61 38 35
Determine the modal lifetimes of the components

76




Maximmum frequency =61
It 15 1n the class mterval 60 — 80, So, 60 - 80 15 the modal class interval.
2 1=60.h=20, fi=61. fo=52. fi=38

fi=fa
Mode = 1 +'m]xh

Mode = 60 +[ﬁ]:{ 20= 60 +Lz:-m]" 20

= 60 +% x20= 60 +5.625=065623
& The mode of the above miven data = 65 625
The following data gives the distribution of total monthly household expenditure of 200

families of a village. Find the modal monthly expenditure of the families. Also, find the
mean monthly expenditure,

: Expenditure MNo.of
Maximum fr o= 40 : At
LTS {in Rs) families
Therefore the modal class interval 1s (1500 — 2000) 1000 — 1500 24
~1=1500.h=500,f: =40, fo=24, /=133 1500 — 2000 10
Mode < ] +|_fi=fa ]X i 7000 — 2500 33
fi= fﬂ'ﬁ b ” 2500 — 3000 18
Mode = 1500 +Im]x 500= 13500 +[au-5= x 500 3000 — 3500 30
= 1500 +-2x 500 = 1500 + 347.83 = 1847.83 e =
Them{}i fihe o d 4000 — 4500 1o
& of the given data = 1847 83 1500 = 5000 5
=2750
C.L fi Xi d; = x; — 2750 HW fiw
1000 — 1500 24 1250 —1500 -3 =72
1500 — 2000 40 1750 —1000 -2 —20
2000 — 2500 33 2250 —500 -1 =33
2500 — 3000 28 2750 0 0 1]
3000 — 3500 30 3250 500 1 30
3500 — 4000 22 3750 1000 2 44
4000 — 4500 16 4250 1500 3 48
4500 — 5000 7 4750 2000 4 28
¥ fi =200 -35
£ = ., ofiy
By step deviation method ¥ = a T h
L

_ 2750 + ;Tg:x 500=2750 — §7.5 = 26625

The following distribution gives the state-wise teacher-siudent ratio in higher
secondary schools of India. Find the mode and mean of this data. Interpret the two

measures -
Maximum freeqency = 10, of the class mnterval 30 - 35 students per No.of
Therefore 30 — 35 1s the modal class interval teacher state/U.Ts
& 1=30, h=5, i=10, o=9, fi=3 5 — 20 3
Sy ;+Lﬁ;fu]};;, 30 - 25 3
s 75 - 30 9
0 i 2
fode = 30 +|—2=7
h W [2(1&)—9-3]};:’ 30 - 35 10
1 35 — 40 3
=30+ x5 .
30 +{‘20_12] + 0.625 =30.625 Ho® .
= et 5 —50 0
s The mode of the above data 1= 30.625 T — 55 3
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C.L fi Xi B =%=32.5 |t I‘_—:M fiw
15 — 20 3 I7.5 15 -3 -9
20 — 25 B 22:5 —-10 —2 —l6
25 - 30 9 5 -5 -1 -G
30 — 35 1] 2.5 0 0
35 — 40 3 35 5 1 =
40 — 45 [1] 425 10 2 ]
45 — 50 1] 47.5 15 3 ]
50 — 55 2 52.5 20 4 ]

Lfi =35 =

By step deviation Method ¥ = a + E;—}"‘[xh =325+ _3—253:1{5 =325-329 = 1971
i

The students — teacher ratio 15 30.625 and average ratio 15 29.21

The given distribution shows the number of runs scored by some top batsmen of the
world in one-day international cricket matches

Find the mode of the data.

Therefore 4000 -3000 15 the modal class mterval No.of Batsman
Rumn: ed o
~ 1=4000.h=1000. fi=18 fr=4 fr=9 i’
e ] : 3000 - 4000 4
B ETEY A 4000 - 5000 18
18=-4 S
fode = 4000+ =% ], _ 5000 - 6000 9
Mode t{:m [2(13}-4—9]1 1000 6000 - 7000 7
4000 +[]x 1000 7000 - 8000 6
14 3000 - 9000 3
= 4000 +—x 1000 = 4000 + 608.7 =4608.7
B _ 9000 10000 1
» The mode of the above data 1s 4608.7 10000 - 11000 1

. A student noted the number of cars passing through a spot on a road for 100
periods each of 3 minutes and summarised if in the table given below. Find the mode of
the data

MNo.of cars 0 -10 |(10-20 20-30 | 30-40 |40-30 |50-e0 |[e60-70 |70-20

Freequency 7 14 13 12 20 m 15 8

Maximum freequency = 20. It 1s in the class interval 40 - 50
Therefore 40 — 30 1s the modal class interval
~1=40, h=10, f;=20, fo=12, fi=11

h=1a
e [ LS e
Mode = ] i Ta- .f;]X h

=12
Mode = 4{)+[—2 (2{:)-12-11]K 10= 40 +

- 4ﬂ+%x1ﬂ -~ 40 +471=44T1
4 Mode of the given data 44.71

]
40=23

]x 10

13.4 Median of Grouped Data

the median 15 a measure of central tendency which gives the value of the middie-most
observation in the data. Recall that for findng the median of ungrouped data, we first arrange
the data values of the observations m ascending order. then if n 1s odd, then the meadian 1s

(%l)ﬂa observation and if n 15 an even. then the dedian is the average of (E) and (g A 1) th

observation
After finding the median class, we use the following formula for calculating the median
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/?T[Elﬁﬂ[l of Grouped Data
Median=1 + [ E;—E’r]xh
I = lower it of median class,

n = mumber of observations

cf = cummlative frequency of class precedng the median class..

f = frequency of median class
\{1_ = class size (assumung class size to be equal).

/

-

Example 7 : A survey regarding the heights (in cm) of 51 girls of Class X of a school was

conducted and the following data was obtained
Find the median height

Heights (incm) | No.of Girls CL f of
Less than 140 4 Less than 140 4 4
:-LéSS- ﬂian 145 . 11 140 — 145 T ]
-I..'.’:SS.’E]-ZIE.‘II 15{, 1 3G 145 — 150 I8 40

i 150 — 155 u 40
Less thanlss. | 4[? 155 — 160 3 T3
Less than 160 46 160 — 165 E 5
Less than 165 . 51

n

Now. n=751. = 25.5 It 15 m the class interval 145 - 150

a1 (lower limit)= 145, ¢f =11.f=18.h =5
cf
]xh

Median = 7 + [ 7

Mediat = 145 +[%}x5 = 145 + [%

Therefore median of the given data 15 149.03
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Exercise 13.3

1. The following frequency distribution gives the monthly consumption of electricity of 68
consumers of a locality. Find the median, mean and mode of the data and compare them.

Now, n=68, = %z 34 It 15 m the class interval 125 SmAd we¥d | mmec | o3
- 145. {maufﬁ#g‘ j ﬁc:.iﬂ uaug
5 =125, f =22, =20, k=20 65 — 85 4 %
= ; Lo " 85 — 105 5 g
Median = [ 7 ]X 05 — 125 3 37
median = 125 + [u]xgﬂ 135 — 145 70 13
. g3 3 2:_ v _ @5 - 165 7] 56
- 125 + [ 2] x20=125 +12=137units i s =
Therefore median 15 137umts 85 — 705 7 68
Average:
. =135
C.I. fi x; d; = x;— 135 = s = fid,
55 — &5 75 —60 3 =)
85 — 105 5 95 —10 = 10
105 — 125 13 115 20 -1 -13
175 — 145 70 135 0 0 0
145 — 165 F ] 155 70 I i
165 — 185 g 175 10 3 16
185 - 205 4 195 60 3 12
L fi =68 7
T

By step deviation method ¥ = a+ T
1

Mode: maximum freequency = 20. which lies 1n the class interval 125 — 145

Therefore 125-145 1s the modal class interval

s 1=125. h=20, £i=20, fi=13. fi=14

fi=fa
! i ] Sl A
Mode = [ Fi= fam h]x i

oy 135+—-x20=135 + 2.1=13705

= 1254222 k00 = 125 +| 7]k 20 = 125+ Zx20= 125 +10.77=135.77

. Therefore mode of the given datais 135.77

So, we conclude that three measures are approximately same,

1. Ifthe median of the distribution given belowis 28.5, find the values of xand y

Total freequency = 45 + x+y =60=45+x+y : Class I cf

=x+y=15 1) interval

Now, n=60, 0-10 5 5

% =30 thus 15 m the class mterval 20 — 30 10 - 20 x SFX

2l=20 ¢f=5+x f=20, h=10 2820 20 Zitw
" 30-40 15 40+x

Median= 1 + [ e . ] xh 40-50 y 40+xty

285 = 20 + [ 3“'2—‘;5”}'] x10 ?m:;) gﬂ by

85x20 =(30 —5—x)10 =170=250— 10x = 10x=80=x=8§

Substitute x = 8 1 equation (1),
S8 Fy=15=y=7
Therefore x=8and v=7
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3. A life insurance agent found the following data for distribufion of ages of 100 policy
holders. Calculate the median age, if policies are given only to persons having age 13
vears onwards but less than 60 vear.

Apge(in years) Cumnulative freequency clL f of
Below 20 2 15-20 2 2
Below 25 ] 20-25 4 b
Below 30 24 25-30 18 24
Below 35 45 30-35 121 a5
Below 40 T8 35-40 33 T8
Below 45 29 40-45 I )
Below 50 92 45-50 3 92
Below 35 0% 50-55 o 0%
Below 60 100 55—60 2 100

Totoa frequency = 100
Now. n= 100, %: 50 This 15 in the class interval 35 - 40
So, I=35.cf =45, f=33.h =5

L+ [ 25
=35+[5’“"‘5]x5=35+[i}x5=35:—§—5 - 35+ 0.76

33
Median = 35.76

MMedian

4. The lengths of 40 leaves of a plant are measured correct to the nearest millimetre, and
the data obtained is represenfed in the following table . Find the median length of the

leaves.

(Hint - The data needs to be converted to continuous classes for finding the median, since th
e formula assumes continuous classes. The classes then change to 1175 - 1265,
1265 - 1355, ..., 1715-1805.]

Length(in mm) MNo.of Leaves C.L I cf

113 - 126 3 11751265 3 3
127 - 135 5 126.5—135.5 5 B
136 - 144 g 1355—-1445 9 17
145 - 153 12 1445 -153.5 12 29
154 - 162 5 153.5-1625 5 34
163 -171 4 1625-1715 4 18
172 - 180 2 171.5—180.5 2 40

Now, n=40. %: 20 This is in the class interval 144.5-1535

So, I=1445.cf=17. f=12  h=29

Median=r—[?;”’]xh

20 =17 - 3 27
= 1445 + [T]x9= 1445 + [E]x9=144_5+ T 1445 —2.25=14ﬁ.?5n_1?u_ _
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5.

The following table gives the distribution of the life time of 400 neon lamps . Find the
median life time of a lamp.

Life time in MNo.of Lamps C.L f cf
hours 1500-2000 14 14
1500-2000 14 2000-2500 56 70
2000-2500 56 2500-3000 60 130
2500-3000 60 3000-3500 g6 216
3000-3500 86 3500-4000 74 290
3500-4000 74 4000-4500 62 352
4000-4500 62 4500-5000 48 400
4500-5000 48

Total freequencies = 400
Now., n=400_ . % =200 this 15 in the class mterval 3000 — 3500
Now, /= 3000, cf = 130, f= 86, h = 500

n
z = cf 200 - 130

18] 500- 3000 + [ 2] x 500

I'u{edian=F+[ ]xh =30{JD-—[
= 3000 + 406.98 = 340698

100 surnames were randomly picked up from a local telephone directory and the
frequency distribution of the number of letters in the English alphabets in the surnames
was obtained as follows
No.of Letters 1-4 | 4-7 | 7-10 (10-13 | 13-16 | 16-19
No.of sumames ] 30 40 16 4 4

Determine the median number of letters in the surnames. Find the mean number of
letters in the surnames? Also, find the modal size of the surnames

Total freequencies = 100 C.L i cf
Mow. n=100, ~==50 this is in the class mterval 7 — 10 1-4 0 6
3 47 30 | 36
So, I =7 «cf= 3b.f= 40, h = 3 7-10 40 76
"
: == 10-13 16 02
kit 2= 2
Median = | [ xh 13-16 3 96
7+ [ 2=Fx3-7+[2]x3-7+ 105 - 80 16-19 4 | 100
40 40
To find the average:
[a=85 h=13]
ClL f; x; d;= x,—135 | ;= % fid,
1-4 (] 2.5 -6 -2 -12
4-7 30 55 -3 -1 -30
7-10 40 8.5 0 0 0
10-13 16 11.5 3 1 16
13-16 4 145 5] 2 8
16-19 4 17.5 9 3 12
¥ fi =100 -6
By step deviation method ¥ = a + %xh
i

g = .
35+ mx3—3.} - 018 = §32

To find the mode:
Maxmmum freequency = 40. Which 1s in the class mterval 7 - 10

Therefore the modal class imntervalis 7 - 10

I=7. h=3, fi=30.f,=30. =16

—gal_fi—ta

Mode =T 4 [23‘1- = Jlrl]:I; h

2 [—“‘"3" ]x3= y e ]x3= T4 03 o 7+ 0R=TSR
2(40)=30=16 A0=46 34

The mode of the given data 1s 7.88
82




7. The distribution below gives the weights of 30 students of a class. Find the median
weight of the students

Weight 1n Egs 4045 45-50 50-55 | 535-00 | 60-65 | 65-70 T0-75
MNo.of students 2 3 g8 6 4] 3 2
Total freequencies = 30 CL f of
Now. n =30, g: 15 4'?‘“!5 2 2
which 15 1n the class interval 55 — 60 -_‘E_Eg ; 15 3

So. I=55.cf =13, f=6.h=>5 2
) 55-60 6 19
I [ ot E’F]xh 60-65 6 25
65-70 3 28

15 = 1% .

=55+[ 2 ]xﬁ=?THxﬁ 70-75 2 30

Median= 55 + 1.67 =56.67kg

13.5 Graphical Representation of Cumulative Frequency Distribution

Example 9 : The annual profits earned by 30 shops of a shopping complex in a locality
give rise to the following distribution. draw its ogive. Hence obtain the median profit.

Profit (in lakhs) No.of shopes(f) | We first draw the coordinate axes, with
More than or equal to 5 30 lower lumits of the profit along the
More than or equal to 10 28 horizontal axis, and the cummlative
More than or equal to 15 16 frequency along the vertical axes. Then
More than or equal to 20 14 we plot the points (5. 30). (10, 28). (15. 16).
More than or equal to 25 10 (20, 14). (25. 10), (30, 7) and (35, 3). We
ﬁgz E 2; Zg:::i E gg ; join these points with a smooth curve to get

the “more than’ ogive, as shown in Fig

MNow, let us obtain the classes, their frequencies and the cummlative frequency from the
table above
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Exercise 13.4
1. The following table gives the distribution of the life time of 400 neon lamps :

Daily mncome(Rs)

100-120

120-140

140-160

160-180

130-200

Mo.of workers

12

14

8

]

10

Convert the distribution above fo a less than type cumulative frequency distribution,

and draw its ogive.

Daly i
IMCome NFU'Df of Scale X axis -lem = 20
{RS} workers B0 Faxis=tem— 20
100-120 12 12 -
(200,50)
b 4 |
120-140 14 26 FOE T T e T i
(160,34) ' -
140-160 3 34 .+ . {140.26)
%120.12)
le0—180 & 40 i oy |
&0 Yoo 1po 1400 150 180 200 200
180-200 10 50 oo
Y

During the medical check-up of 35 students of a class, their weights were recorded as

follows:

Draw a less than type ogive for the given data. Hence obtain the median weight from the

graph and verify the result by using the formula

Weight (mn kgs) 38 40 42 44 46 | 48 | 50 52
No of sdents 0 3 5 g 14 28 32 35

Weight No of wh Scaie:x e I;r."m= 3
(in kgs) students ]

Less than 38 ] =t

Less than 40 3

Less than 42 5 :

Less than 44 9 "

Less than 46 14 -

Less than 48 28 ”: _

Less than 50 32 L: = =

Less than 52 35 ey i
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3.

| ]

The following table gives production vield per hectare of wheat of 100 farms of a village.

Production N oy } 2 - =

: i i} 3 5 . =7

Yield(kg/ha) 50-55 | 55-60 | 60-65 | 65-70 70-75 5-80
No of farms 2 g 12 24 18 16

Change the disiribution to a more than type disiribution, and draw its ogive.

Production ' .
s c Scale; X anis lem =5
Yield(kg/ha) f 4 100 Y axis lem = 10
50 2 100 o0
= 210 (65.78)
8 | 98 510
=
Bao
Gl 12 =TH) l:}.lﬁa, ({70.54)
=
B
65 =
24 78 L,.'_m
70 33 54 - (75,16)
19
o L REY =1
75 16 16 40 “I S0 dg: #d0 85 An ¥ @0 A5 -of
104 Production Yield(kg'ha
Summary:

The mean for grouped data can be found by :
Direct Method # =24

ih
Assumed mean method: £=a—+ E;—j:i‘
L
Step deviation method: ¥=a+ @x h

If
with the assumption that the frequency of a class 1s centred at 1ts mud-pomt, called 1ts  class

mark
The mode for grouped data can be found byusing the formula:
Mode =1+ L2l ]x

Where symbols have the meanings
The cumulative frequency of a class 1s the frequency obtained by adding the frequencies of all
the classes preceding the given class

. The median for grouped data 1s formed byusing the formula:.

fn
2=

meadian=1/ + [ ] xh
Where symbols have the meanings

. Representing a cumulative frequency distribution graphically as a cumulative frequency curve,

or an ogrve of the less than type and of the more than type.

. The median of grouped data can be obtained graphically as the x-coordinate of the point of

mtersection of the two ogives for this data.
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14 Probabilty

14.2 Probability — A Theoretical Approach

Suppose a com 15 tossed at random When we speak of a com. we assume 1t to be
the comn can only land in ome of two | ‘fair’, that is, 1t 15 symmetrical so that there 1s no
possible ways — ether head up or tailup. | reason for it to come down more often on one
suppose we throw a die once. Forus, a | siude than the other. We call this property of the
die will always mean a far die. Theyare com as bemng ‘unbiased’. By the phrase ‘random
1. 2. 3. 4. 5. 6. Each number has the | 1055 We mean that the com 15 allowed to fall

freely without any bias or interference

same possibility of showing up.

The experimental or empirical probability P(E) of an event E as

Number of trials in which the event happened

FiRE) = Total number of trails
The theoretical probability (also called classical probability) of an event E, written as P(E), is
defined as

No of outcomes favarable to /E

P(E)=

No.of all possible outcomes of the experiment

Example 1 : Find the probability of getting a head when a
coin is tossed once. Also find the probability of gefting a tail.
Random experiment: Tossing a coin once

5 - { Tossing a coin once};
S-{H. T} [Here, H- Head T - Tail] -n(S)=2
A - { Getting Head }-n(A)=1

_n{a) 1

P(a) = n(s) 2

B - { Getting Tail }-n(B)=1
_n{B)_ 1

P(B)= nisy 2

Example 2 : A bag contains a red ball, a blue ball and a yellow ball, all the balls being of
the same size. Kritika takes out a ball from the bag without looking into it. What is the
probability that she takes out the

(i) Yellow ball (ii) Red ball (iii) Blue ball

S— {Totalballsmmabag} =n(5)=3

A — { KErthika picking up vellow ball} —n(A)=1

niA

P{A} = n{(Sélﬁ :%

B — { Krthika picking up red ball} —n(B) =1
—nE) _1

P@B)= n(s) 3

C — { Erthika picking up blue ball} —n(C) =1
_n(@_1

PO)= nis) 3
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Observe that the sum of the probabilities of all the
elementary events of an experiment is 1

Example 3 : Suppose we throw a die once. (i) What is
the probability of getting a number greater than 4 ?
(i) What is the probability of getfing a number less
than or equalto 4 7

5 — {Throwimng a dice once } —{ L23.4.561=n(5)=6

A — { Getting number more than 4 } — {5.6} -n{A) =2

_nfa) _2z_ 1

P(A) = n(s) & 32

B — { Getting a number equal or less than 4} — {1.2.34} -n(B) =4
_n®) _4_2

P(‘B) i nfS}_ﬁ 3

P(A) =1 —P(A) : where A is an event and A is complement of an event A

That 1s. the probability of an event which 15 impossible to occur 15 0. Such an event is called
an impossible event

Example: We know that there are only six possible outcomes 1n a single throw of a die. These
outcomes are 1, 2. 3, 4. 5 and 6. Since no face of the die 1s marked 8, so there 15 no outcome
favourable to B, 1e__ the mimber of such outcomes 15 zero. In other words,

getting 8 in a single throw of a die, is impossible

So. the probability of an event whach 1s sure (or certamn) to occur 15 1. Such an event 15 called
a sure event or a certam event

Example:Smce every face of a die 1s marked with a mumber less than 7. 1t 15 sure that we will
always get a mumber less than 7 when 1t 1s thrown once. So. the mumber of favourable outcomes
15 the same as the mumber of all possible outcomes, which 1s 6.

0=PE)=1

Example 4 : One card is drawn from a | Now: let us take an example related to playmg

well-shuffled deck of 52 cards. Calculate
the probability that the card will

(i) Be an aace  (ii) Not be an ace

(1) 5 — {Picking a card from a deck of 52}
n(5)=352

cards, Have you seena deck of playmg cards?
It consists of 52 cards which are divided into 4
suits of 13 cards each— spades. hearts,
diamonds and clubs. Clubs and spades are of
black colour. while hearts and diamonds are
of red colour. The cards m each sust are ace.

E — { The picked card 15 an ace}

P(E) = 4 [There are 4 aces m a deck of 52]
n(E) _ 4 _ 1

king, queen, jack. 10,9, 8,7, 6.5.4. 3 and 2.
Kings. queens and jacks are called face cards

P{_q_}: o Fafa faasle alaals alla aTa ala o]
3 n(5) 52 13 : & o PPN Y
(1) F — {The card picked 1s not an ace} Ll eieele iy e vy e H e :
=: FHE e % [@ afle sfe o/ ¢ sl sfe_s|w a8
ﬂ(F}—q'E i i _-_': o 0w 0t
_nfF) _ 48 _ 11 | i* # g% sile sha ags w1e :L- b -‘:.
P{F}—————— E T L] TR T RLFYF R YR vy ww
nis) 2 13 v L3 ¥ ww 1""": : :‘: :’I
R — 1 _ 11 o on e oale ala aga sl age alatay
or- HF) =HE)=1-plB)=1-—=" Yo e sl sle oo she slosloal
. - # (e w|a%e % LiaT0 I RN IS
{oeh e e e die e e eete] DY

Example 5 : Two players, Sangeeta and Rﬁhﬂl-ﬂ. play a tennis match. It is known that the
probability of Sangeeta winning the match is 0.62. What is the probability of Reshma winning
the match?

The probability that Savith wins the match = P(A) =0.62
The probability that Reshma wins the match P(A) = 1 — P{A)=1-0.62=0.38
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Example 6 : Savita and Hamida are friends. What is the probability that both will have
(i) different birthdays? (ii) the same birthday? (ignoring a leap year)

{1) Favarable days that Savitha and Hamida have different birthdays 365-1 = 364

Probabilty of having different birthdays P(A) = %
Probabilty of having same birthdayP(4) = ﬁ [P(A)= 1-P(A)]

Example 7 : There are 40 students in Class X of a school of whom 25 are girls and 15 are
boys. The class teacher has to select one student as a class representative. She writes the
name of each student on a separate card, the cards being identical. Then she puts cards
in a bag and stirs them thoroughly. She then draws one card from the bag. What is the

probability that the name written on the card is the name of (i) a gir]l? (ii) a boy?
Total number of students: n(S) =40

MNumber of Girls — n(A) =25
MNumber ofboys — n(B)=15

The probability of dravwn card with the mame of a Girl P(4) =20 = = =

5

8

The probability of drawn card with the name of a BoyP(B) =% ===
3

OR P(B)=1-P(A)=1-:=2

Example 8 : A box contains 3 blue, 2 white, and 4 red marbles. If a marble is drawn at
random from the box, what is the probability that it will be (i) white (ii) blue (iii) red
The number of marbles in a box = n(5)="9

The probability of getting white marble P(W) =

|

The probability of getting white blue P(B) =2

The probability of getting white red  P(B) = g

Example 9 : Harpreet tosses two different coins simultaneously (say, one is of "1 and
other of ~ 2). What is the probability that she gets at least one head?

The two different coins are tossed, the outcomes are 5= { HH HT, TH, TT }= n(5)=4

The favorable outcomes to get atleast one head — {HT, TH, TT}

Therefore the probability of getting atleast one head - E

[Example 10 and 11 are not selved because they are optional]

Example 12 : A carton consists of 100 shirts of which 88 are good, 8 have minor defects
and 4 have major defects. Jimmy, a trader, will only accept the shirts which are good,
but Sujatha, another trader, will only reject the shirts which have major defects. One
shirt is drawn at random from the carton. What is the probability that

(i) it is acceptable to Jimmy? (ii) it is acceptable to Sujatha?

Total number of shirts = n(S) = 100

The mumber of good shirts = 88
(1) The number of outcomes favourable (12, acceptable) to Jimmy = 88

Therefore, P (shirt is acceptable to Jimmy) = % - 0388
(ii) The mumber of outcomes favourable to Sujatha = 88 + 8 = 06

So, P (shirt is acceptable to Sujatha) = —— = 0.96
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Example 13 : Two dice, one blue and one grey, are thrown at the same time. Write down
all the possible outcomes. What is the probability that the sum of the two numbers appearing
on the top of the diceis (i) 8 (i) 13  (iii) less than or equal to 12

The total mumber of outcomes when two dice are thrown at the same time
(L) (L2Y. (L3, (LA%(LEY. (L6) (Z20% (2.2). (2.3 (24), (2.5) (2.6). (3.0) (3.2) (3.3). (3.4).

(3.5). (3.6). (41). (4.2). (4.3). (4.4). (4.5). (4.6). (5D, (5.2). (53). (5.4). (56). (61). (6.2).
(6.3). (6.4). (6.5). (6.6)

n(S)=6x6=36

(1) A — The sum of two numbers be 8

A—{(26).(35).(44).(5.3).(6.2)} - n(A)=5

. The probability of getting the sum of two numbers be § = 3‘5—5

(11) B - The sum of two numbers be 13 - n(B) =0

. The probability of getting the sum of two numbers be 13 = % =0

(111) C - B - The sum of two numbers be equal or less than 12

< The probability of getting the sum of two numbers be equal or less than = % s |

Exercise 14.1

1. Complete the following statements
(i) Probability of an event E + Probability of the event ‘not E’ =
(ii) The probability of an event that canmot happen is Such an event 1s called

(1i1) The probability of an event that is certain to happen is Such an event is called

(iv) The sum of the probabilities of all the elementary events of an experiment is

(¥) The probability of an event is greater than or equal to and less than or equal

to
Ansewers:

(1) 1 (1) O, smnpossibleevent (1) 1, Sure(n) 1 () 0.1

2. Which of the following experiments have equally likely outcomes? Explain.
(i} A driver attempts to start a car. The car starts or does not start
(i) A player attempts to shoot a basketball. She/he shoots or misses the shot.
(i1i) A trial is made to answer a true-false question. The answer is right or wrong
(iv) A babyis born. Itis a boy or a girl.
Answer
(1) It does not have equally likely outcomes as it depends on various reasons like mechanical
problems, fuels etc.
(11) It does not have equally hikely outcomes as it depends on the player how he/she shoots.
(1) It has equally likely outcomes.
(1)1t has equally likely outcomes.
3. Why is tossing a coin considered te be a fair way of deciding which team should get the
ball at the beginning of a football game?
Yes, tossing of a comn 15 a fair way of deciding which team should get the ball at the beginmning
of a footbhall game because it has only two outcomes either head or tail. A coimn 15 always
unbiased

4. Which of the following cannot be the probability of an event?
2

A) = H) 15 0©) 15% D) 0.73

3
The probability of an event 15 always greater than or equal to 0 and less than or equal to 1.

Thus. (B) -1.3 cannot be the probability of an event.
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. I P(E) = 0.05, what is the probability of ‘not E*?

The probability of ‘not E'=1-P(E)=1-005=095

. A bag contains lemon flavoured candies only. Malimi takes out one candy without lookaing
into the bag. What is the probability that she takes out

(i) an orange flavoured candy? (ii) a lemon flavoured candy?

Answer

(1) Since the bag contains only lemon flavoured.
Therefore, No. of orange flavoured candies =0

Probability of taking out orange flavoured candies =§ =0

(11) The bag only have lemon flavoured candies.

Probability of taking out lemon flavoured candies = ;l= 1

. Iiis given that in a group of 3 students, the probability of 2 students not having the same

birthday is 0.992. What is the probability that the 2 students have the same birthday?

Answer
Let E be the event of having the same birthday. P(E)=0.992

= KE) +P(notE)=1 =P(notE)=1-P(E) =1-0992=0.008

The probability that the 2 students have the same birthday 1s 0.008

. A bag contains 3 red balls and 5 black balls. A ball is drawn at random from the bag.
What 1s the probability that the ball drawn is (i) red? (1) not red?

Total mumber of ballsina bag = n(3)=3+5=8§

(1) Number of red balls = n(A) =13

Probabilty of drawing red balls P(A) = :E:; =1
(if) Probabilty of drawing ‘not red ball’ P()=1- P(A)=1-2=1

. A box contains 5 red marbles, 8 white marbles and 4 green ‘marbles. One marble is taken
out of the box at random. What is the probability that the marhle taken out will be (i)
red ? (i1) white ? (i11) not green?

Total mumber of marbles in abox = n(S)=5+8+4=17

(1) Number of red marbles = n(A)=35

Probability of taking out red marbles P(A) = % ==

(11) Mumber of white marbles = n(B) =38

Probabilty of taking out white marbles P(B) = % ==

{111) Number of green marbles = n{C) =4

Probabilty of talaing out green marbles P(C) = %= :’—?
- Probabilty of ~ hop RO _ g 413
~ Probabilty of “not green’ marbles P(C*)=1- e 1

10. A pigey bank contains hundred 50p coins, fifty Rsl coins, twenty Rs2 coins and ten Rs5

coins. If it is equally likely that one of the coins will fall out when the bank is turned upside
down, what is the probability that the coin (i) will be a 50 p coin ?(ii) will not he a Rs 5
coin?

Total mumber of comns 1n a piggy bank = 100+ 30+ 20+ 10=180
Total mumber of 30 p coins = n(A)= 100

Number of Rs 5 coins = n(B) =10

(1) Probabilty of getting Rs 3 coms P(A) =
(11)Probabilty of it will notbeaRs S comm 1 — P(B) =1 -

n(A) 100 _ 5

n(s) 180 9
n(B) _ W

n(s) 180 18
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11.

12.

13.

Gopi buys a fish from a shop for his aguarium. The
shopkeeper takes out one fish at random from a tank
containing 5 male fish and 8 female fish (see Fig. 15.4). What
is the probahility that the fish taken ouf is a male fish?

Total mumber of fish 1n the tank = n(5)= 5+8 = 13

MNumber of male fish in the tank = n(A)=25
The probability of taking out the male fish
= P(A)=

Fig. 15.4

A game of chance consists of spinning an arrow which comes to rest pointing at one of the
numbers 1, 2. 3. 4.5, 6, 7, 8 (see Fig. 15.5), and these are equally likely outcomes. What is
the probability that it will peint at (i) 8 (i1) an odd number (i) A number greater

than 2 (iv) A number less than 9

Possible number of events = 8§ e =it __'“I"m\
(1) Possible chances that an arrow pointing number 8§ = 1 / \
Prababiliy of poniag® = 1 Ir?"" ZEI
{11) Chances of poimnting an odd oumber (1, 3.5 w3 =4 |I I|

i |
Probabilty of pointing an odd number = E =% .'ﬁ 3_ /
(111) Chances of pomting a number greater than 2 : <3 A
(1.e3.4.5.6. Tand 8)=6 1

Fig 14.5

Probablity of pomting a number greater than 2 = E'= E

(1v) Chances of pomnting less than 9 (1e, 1.234567.8)=8
Probability of pomting a mumber less than 9 = E =1

A die is thrown once. Find the probability of getting

(i) a prime number; (ii) a number lving between 2 and 6; (iii) an odd number.
Possible numbers of events on throwing a dice =6

MNumbers ondice=12345and 6

(1) Prime numbers =2, 3 and 5

Favourable mumber of events = 3

Probability that it will be a prime number = E
(11) Numbers lying between 2 and 6 =3_ 4 and 5
Favourable number of events = 3

Probabality that a number between 2 and 6 = E
(1) Odd numbers=1. 3 and 5

Favourable mumber of events = 3
Probabality that it will be an odd number =§

14. One card is drawn from a well-shuffled deck of 52 cards. Find the probability of getting

(1) a king of red colour (i1) a face card (1) a red face card (iv) the jack of hearts (v) a spade
(vi) the queen of diamonds

Possible numbers of events = 52

(1) Mumbers of king of red colour =2

Probability of getting a king of red colour
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(1) Numbers of face cards =12
Probability of getting a face card = §= —
(111) Mumbers of red face cards =6

Probability of getting a king of red colour = é= %
(1v) Numbers of jack of hearts =1

Probability of getting a king of red colour = 51—2

(v) Numbers of king of spade = 13

Probability of getting a king of red colour = 5 =i
(vi) Numbers of queen of diamonds = 1
Probability of getting a king of red colour = 51—2

15. Five cards the ten, jack, queen, king and ace of diamonds, are well-shuffled with their
face downwards. One card is then picked up at random.
(1) What is the probability that the card is the queen?
(ii) If the queen is dravwn and put aside, what is the probability that the second card
picked up is (a) an ace? (b) a queen?
Total mumbers of cards =5
(1) Numbers of queen=1
Probability of picking a queen = é

(1) When queen 1s drawn and put aside then total numbers of cards left 15 4

(a) Numbers oface=1

Probability of picking an ace = %

(a) Numbers of queen=10
Probability of picking a queen = E =0

16. 12 defective pens are accidentally mixed with 132 good ones. It i1s not possible to just look
at a pen and tell whether or not it is defective. One pen is taken out at random from this
lot. Determine the probability that the pen taken out is a good one.

MNumbers of defective pens = 12
MNumbers of good pens = 132
Total numbers of pen =132 + 12 = 144 pens

Favourable mumber of events = 132
132 _ 11

Probability of getting a good pen = vl

17. (1) A lot of 20 bulbs contain 4 defective ones. One bulb is dravwn at random from the lot.
What is the probability that this bulb is defective?
(1) Suppose the bulb drawn in (1) is not defective and is not replaced. Now one bulb is
drawn at random from the rest. What is the probability that this bulb is not defective?
(1) Total numbers of bulbs =20

Mumbers of defectrve bulbs =4
Probability of getting a defective bulb = ;_n =%
(11) One non defective bulb 1s drawn in (1) then the total mumbers of bulb left 15 19

Total mumbers of events = 19
Favourable mumbers of events = 19-4=15

Probability that the bulb is not defective = E
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18

19.

20.

. A box contains 90 discs which are numbered from 1 to 90. If one disc is drawn at random
from the box, find the probability that it bears (i) a two-digit number (ii) a perfect square
number (iii) a number divisible by 5
Total mumbers of discs = 50
(1) Total numbers of favourable events = 81
Probability that it bears a two-digit number = %: %

(1) Perfect square mumbers=1.4,9_ 16,25 36.49. 64 and 81

Favourable numbers of events = 9: Probability of getting a perfect square number = % = ﬁ
(111) Numbers which are divisible by 5 =35, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65,70,
75, 80, 85 and 90

Favourable mumbers of events = 18; Probability of getting a number divisible by 5 = % é
A child has a die whose six faces show the letters as given below:

The die is thrown once. What is the probability of getting (i} A? (ii) D?

Total numbers of events =6

(1) Total onmbers of faces having A on 1t =2; Probability of getting A = % = %

(11) Total mimbers of faces having D on it =1 ; Probability of getting A =%=

Suppose yvou drop a die at random on the im

rectangular region shown in Fig. 15.6. What

is the probability that it will land inside the

circle with diameter 1m?[Not for _ | m

examination) —_ :

Area of the rectangle = (3 x 2) m® = 6m’

Area of the circle = mrl = :rr(l)l =Im’ - .

2 4 ” Fig 15.6

Probability that die will land inside the circle —g = ;—4

. A lot consists of 144 ball pens of which 20 are defective and the others are good. Nuri will

buy a pen if it is good, but will not buy if it is defective. The shopkeeper draws one pen at
random and gives it to her. What is the probability that
(i) She will buy it? (ii) She will not buy it?

Total mumbers of pens = 144
Numbers of defective pens = 20
MNumbers of non defective pens =144 - 20=124
124 31

(1) Numbers of favourable events = 124 ; Probability that she will buy it = P

(ii) Numbers of favourable events = 20: Probability that she will not buy it = —— = —

144 36

22. Refer to Example 13. (i) Complete the following table

Event
2 3 4 5 6 7 3 9 10 11 12

Sum on two dice

Probabili k > 5
el 36 36 36
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(ii)A student argues that ‘there are 11 possible outcomes 2,3,4,5,6,7,8.9,10,11 and 12.
Therefore, each of them has a prnhahilit}'ll—l. Do vou agree with this argument? Justify
your answer.

Events that can happen on throwmg two dices are (1.1). (1.2). (1.3). (1.4).(1.5). (1.6). (2.1).
(22.23).29H.25.26).CG0.32.C33.C4.035.G36.41.14.2.(43). 4D, 4.5).
(4.6). (5.1). (5.2). (5.3). B.4). (5.6). (6.1). (6.2). (6.3). (6.4). (6.5). (6.6)

= n(3)=6xb=36

(1) To get sum as 2. possible outcomes = (1.1)

To get sum as 3. possible outcomes =(1.2) and (2.1)

To get sum as 4. possible outcomes = (1.3): (3.1); and (2,2)

To get sum as 5. possible outcomes = (1.4): (4.1): (2.3): and (3.2)

To get sum as 6. possible outcomes =(1.5): (5.1): (2.4);: (4.2): and (3.3)

To get sum as 7. possible outcomes = (1.6); (6.1): (5.2): (2.5); (4.3); and (3.4)

To get sum as 8. possible outcomes = (2.6): (6.2): (3.5): (5.3): and (4.4)

To get sum as 9, possible outcomes = (3.6); (6,3): (4.53); and (5.4)

To get sum as 10, possible outcomes = (4.6): (6.4) and (5.3)

To get sum as 11, possible outcomes = (5.6) and (6.3)

To get sum as 12, possible outcomes = (6.6)

Event
Sum on two dice

2 3 | 4 5 6 7 8 9 10 11 12

1 2 3 4 L= ] 5 4 3 2

36 |36 /36| 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36
(1) No, 1 don't agree with the argument. It i1s already mstified 1n (1)

23. A game consists of tossing a one rupee coin 3 times and noting its outcome each time.
Hanif wins if all the tosses give the same result i.e., three heads or three tails, and loses
otherwise. Calculate the probability that Hanif will lose the game.

Events that can happen in tossing 3 comns

=HHH. HHT. HTH. THH. TTH, HTT. THT. TTT

Total mumber of events = 8

Hinaf will lose the game if he gets HHT. HTH, THH. TTH. HTT. THT

Favourable mumber of elementary events = 6

Probability

Probability of losing the game == E = %

24. A die is thrown twice. What is the probability that
(1) 5 will not come up either time? (i1) 5 will come up at least once?
[Hint : Throwing a die twice and throwing two dice simultaneously are treated as the
same experiment]
(1) Total number of possibilities = 6x6 =36
Possible outcomes: (1.1). (1.2), (1.3). (1.4).(1.6). (2.1). (2.2}, (2.3). 2.4), (2.6). (3.1). (3.2),
(3.3). (3.4).(3.6). (4.1). (4.2). (4.3). (44).(4.6). (6.1). (6.2), (6.3), (6.4). (6.6)
The possibility of 5 will not come esther ttime = 25
25

Required probability ==—

36
(1) Number of events when 5 comes at least once = 11

Probability = % [ another way 1 - % = % 1
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25. Which of the following arguments are correct and which are not correct? Give reasons
for your answer.
(1) If two coins are tossed simultaneously there are three possible outcomes—two heads,
two tails or one of each. Therefore, for each of these outcomes, the probability is %
(1) If a die is thrown, there are two possible outcomes—an odd number or an even
number. Therefore, the probability of getting an odd number 1s %
(1) The statement 1s incorrect
Possible events = (H.H): (H.T): (T.H) and (T.T)
Probability of getting two heads = i

o] =

Probability of getting one of the each = i— =

(11) Correct. The two outcomes considered are equally likely.

Summary:

The difference between experimental probability and theoretical probability:

L.
2. The theoretical (classical) probability of an event E. written as P(E). 1s defined as
P(E) = Number of outcomes favourable to E

Number of all possible outcomes of the experiment
where we assume that the outcomes of the expermment are equally likely
The probability of a sure event (or certain event) 1s 1.
The probability of an 1mpossible event 1s 0
5. The probability of an event E 1s a number P(E) such that
0<PE)<1
6. An event having only one outcome 1s called an elementary event. The sum of the

probabilities of all the elementary events of an experiment 1s
7. For anyeventE. P(E) +P(E)=1 where E stands for ‘'not E°. E and E are called
complementary events.

P
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1. Thales Theorem (Basic proportionally theorem)

“If a straight line is drawn parallel to a side of a triangle,
then it devides the other two sides proportionally”.

A
L/ \N

B

C
Data:- In/\ ABC . DE I BC

AD AE
To prove :— = —

DB EC

Constrution :-Jain D,Cand E,B draw EL | AB and DN | AC

Proof .- In /\ ADE and /\ BDE

1
Area of A ADE —XADXEL 1
f _ 2 (A== x b xh)
Area of A BDE >XDBXEL 2
Areaof AADE  AD (1)
Area of ABDE DB
1
Area of A ADE —XAEXDM 1
! _ 2 (A== x b xh)
Area of ACDE EXECXDM 2
Area of A ADE _AE (2)
Areaof ACDE ~ EC

AD _ AE

(ABDE = ACDE) (Axiom -1)
DB EC
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2. Converse of Thales Theorem -2
“If a straight line divides two sides of a triangle
proportionally, then the straight line is parallel to the third side”.

A
E
F
B C
Data- In /\ ABC , 42 = 4E
—_ DB EC
To prove :—= DEIIBC

Constrution :- DE II BF
Proof :- In /\ ABC, DE I BF (Constrution)

22 -2 (Thales Theorem)
DB EF

D _ A5 (Data)

DB EC

2 -2 (Axiom -1)

EC EF

= EC =EF

= Point F consides point C Hence
DE I BC
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3. Theorem -3 (A.A Similarity Criterion)

“If two triangles are equiangular, then their corresponding
sides are in proportion”.

A D
G H
B C E
Data:- In /\ ABC and /\ DEF
| BAC =|EDF
IABC =|DEF
To prove :— =

DE EF FD
Constrution :- Mark point Gand H on AB and AC such that

AG=DE and AH=DF jainG and H.
Proof :- In /\ AGH and /\ DEF

AG = DE (Constrution)

| GAH = |[EDF (Data) AH = DF (Constrution)
/\ AGH= A DEF (SAS poslulate)
~ |AGH =|DEF (CPCT)

|ABC = |DEF (Data)
= |AGH = |ABC (Axiom -1)

~ GH I BC (If corresponding angles are equal-lines are parallel)

In /\ ABC 22=Z2=%2" (Corolary of Thales theorem)
AG GH HA
AB _ BC _ CA

Hence — = — = — (AAGHEADEF)
DE EF  FD
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4. Theorem -4

“In a right angled traiangle, the perpendicular to the hypotenuse
from the right angled vertex, divides the original triangle into
two right angled triangles, each of which is similar to the orginal
triangle”

A

Data:-bx ABC, |ABC =90°,BD | AC

Toprove :—= A ABD ~ b\ BDC ~ b ABC

Proof :- B ADB and k. ABC
ADB = | ABC = 90° (Data)

BAD =‘BAC (comman angle)

~ B ADB ~ h ABC ....... (i) (equiangular triangle)

In . BDC and b ABC
|BDC = | ABC = 90° (Data)
| BCD = |BCA (comman angle)

~ Bk BDC~ &k ABC ....... (ii) (equiangular triangle)
Now we have

b ADB ~ A\ BDC ~ A ABC (Axiom -1 and 2)
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6. Theorem -6 Pythagoras Thearem

“In a right angled triangle, the square on the hypotenuse of in
equal to the sum of the squares on the other two sides”.

D

B C

Data:- N ABC ., |ABC = 90°
To prove :—= (AC)? = AB? + BC(?

Constrution :- Draw BD | AC
Proof :— In » ABC and & ADB

|ABC = |ADB =90° (Data and Constrution)

|IBAC = |BAD (comman angle)

n ABC ~ & ADB (equiangular triangle)
48 _ AC (A,A Criteria)
AD AB
AB? = (AC)(AD) - (1)

In & ABC and & BDC
| ABC = |BDC = 90° (Data and Constrution)

|IBCA=|BCD (comman angle)
RN ABC ~ & BDC (equiangular triangle)
Lo (A,A Similarity Criteria)

DC  BC

(BC)? = (AC)(DC) - (2)

by adding 1 and 2 (AB)? + (BC)? = (AC)(AD) + (AC)(DC)
(AB)? + (BC)? = (AC)(AD + DC) (AC = AD + DC)
(AB)? + (BC)? = (AC)(AC)

(AB)? + (BC)? = (AC)?
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5. Theorem -5 (Area of similar triangle)

“The areas of similar triangles are proportional to the squares
of the carrespanding sides”.

A D

B | C E M F

Data:- In /\ ABC and /\ DEF neQ
/\ ABC ~ DEF
CA

AB _ BC _ (A
DE EF FD
Areaof AABC (BC)?
To prove :- Areaof ADEF  (EF)?2

Constrution :- Draw AL | BC and DM | EF
Proof := Compare AALB and A DME

LABL =|DEM (Data)
| ALB =|DME = 90° (Constrution)

~ /\ ALB ~ /\ DME (equiangular triangle)

AL  AB o
— = — (A,A Criteria)
DM  DE
AB  BC
— = — Data
DE  EF
AL  BC .
— =— -1 (Axiom -1)
DM  EF
1
Areaof AABC ~  FXBCXAL (A = 1 x b x h)
Area of ADEF %XEFXDM 2
Area of AABC _ B_C » ﬁ
Area of ADEF  EF DM

Area of AABC _ (BC) (BC) Areaof AABC (BC)?
Area of ADEF ~ “EF’ ° “EF Area of ADEF ~ (EF)?2
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7. Converse of Pythagaras theorem — 7

“If the square on the longer side of a triangle is equal to the
sum of the squares on the other two sides, then those two sides
contain a right angle”.

Data:- In /\ ABC, AC? = AB? + BC?
To prove :— ABC =90°

Constrution :- Draw a perpendicular on AB at B select a point D
one it such that, DB =BC jain Aand D

Proof :— In & ABD

ABD = 90° (Constrution)

AD? = AB? + BD? (Pythagaras theorem)
In & ABC  AC? = AB* + Bc? Data

= AD? = AC*

AD =AC

In & ABD and & ABC

AD =AC BD =BC (Constrution)

AB = AB (common side)

/\ ABD = /\ ABC (SSS Pastulate)

= |ABD = |ABC = 90° (CPCT)

|ABC = 90°
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8. theorem

The tangents drawn from an external point to a circle.

a) are equal

b) subtend equal angles at the centre

c) are equally indined to the line joinging the centre and
the external point.

A
Fa~y
IK Q) L) > : e

Data:- The circle having the ‘O’ and centre ‘P’ is an external point
‘PA’ and ‘PB’ are the tangents from external point ‘P’
To the given circle join OA, OB and OP

To prove :(—= a)PA=PB
b)| AOP =| BOP
c)| APO =| BPO

Proof .- Ina /\ AOP and /\ BOP g9
OP = OB ( Radi of same circle )

|OAP

|OBP = 90° (Radius drown point of contact is prependiacular
to tangent ) (right angle)

OP = OP (common side)

~ /NAOP = A BOP (RHS postulate)

a) PA = PB (C.P.C.T)

b)LAOP = [BOP
c)| APO = |BPO
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